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Galois Representations Associated to p-adic
Families of Modular Forms of Finite Slope
Tomoki Mihara
Abstract
We define a pro-p Abelian sheaf on a modular curve of a fixed level N ≥ 5 divis-
ible by a prime number p , 2. Every p-adic representation of Gal(Q/Q) associated
to an eigenform is obtained as a quotient of its e´tale cohomology. For any com-
pact Zp[[1+NZp]]-algebra Λ1 satisfying certain suitable conditions, we construct a
representation of Gal(Q/Q) over Λ1 associated to a Λ1-adic cuspidal eigenform of
finite slope as a scalar extension of a quotient of the e´tale cohomology.
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1
0 Introduction
Let p be a prime number with p , 2. We give a new explicit geometric construction
of a p-adic family of Galois representations associated to modular forms of a fixed level
N ≥ 5 with p | N of finite bounded slope. The result is deeply related to one of@ open
questions in [CM98]. R. Coleman and B. Mazur originally defined the eigencurve of
tame level 1 in [CM98] 6.1 Definition 1. Excluding a discrete subspace from the reduced
eigencurve, they constructed a continuous representation of Gal(Q/Q) of rank 2 over the
ring of rigid analytic functions from the pseudo-representation obtained as the pull-back
of the universal deformation of a pseudo-representation over a finite field. Then they
asked a question whether this Galois representation is obtained as the Pontryagin dual of
the direct limit of e´tale cohomologies of a tower of modular curves. Instead of the original
reduced eigencurve, we consider the reduced eigencurve introduced in [Eme] Theorem
2.23 obtained as the closed subspace of Spf(T(p)N ) × A1Qp interpolating classical Hecke
eigenforms, where T(p)N is the universal Hecke algebra of level N generated by Hecke
operators Tℓ for each prime number ℓ , p and S ℓ for each prime number ℓ coprime
to N. Two geometric constructions of a family of Galois representations associated to
modular forms are known for the case where the modular forms are ordinary. One is
given by H. Hida as the inverse limit of Tate modules of Jacobian varieties of towers of
modular curves ([Hid86] Theorem 2.1) (Y1(prN))r∈N. The other one is given by A. Wiles
as gluing of pseudo-representations along Hida family ([Wil88] Theorem 2.2.1). Even if
we restrict it to the case where modular forms are ordinary, our construction completely
differs from the two. Indeed, we construct a family as a quotient of the cohomology of a
compact sheaf on a single modular curve of level N.
In §1.1, we recall topological modules over topological rings. We define the notion of
profiniteness of a topological module. Roughly speaking, a profinite module is a topolog-
ical module which is isomorphic to the inverse limit of its quotients by open submodules
of finite indices. Every profinite module is a compact Hausdorff topological module such
that the set of open subgroups forms a fundamental system of neighbourhoods of 0, and
the converse holds in the case where the topological ring is itself a profinite as is veri-
fied in Proposition 1.14. In §1.2, we recall topological modules over monoid algebras of
topological monoids over topological rings. We are interested not only in a topological
group but also in a topological monoid, because we need the latter in order to give an ac-
tion of Hecke operators on cohomologies in §2.3. In §1.3, we recall modular forms and
several variants of Hecke algebras over a p-adic field. We introduce the universal Hecke
algebras T[<s]N and T<sN of slope < s. We will use them in order to formulate a cuspidal
family of systems of Hecke eigenvalues of finite slope in §3.4.
In §2.1, we introduce the notion of a prodiscrete cohomology of a complete topolog-
ical module with a continuous action of a topological monoid. In §2.2, we introduce a
notion of a profinite Zp-sheaf. It is an inverse system of e´tale sheaves of finite Abelian
p-groups, and unlike a smooth Zp-sheaf, we assume no finiteness condition. Similar with
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a prodiscrete cohomology of a complete topological module with a continuous action
of a topological monoid, we define a prodiscrete cohomology of a profinite Zp-sheaf as
the inverse limit of the cohomologies. It is not a derived functor, but works well due
to the profiniteness of sheaves. A prodiscrete cohomology is a cohomology of a single
profinite Zp-sheaves on a single scheme by definition, while a completed cohomology
introduced by Emerton in [Eme] is the inverse limit of the direct limit of torsion coho-
mologies of a compatible system of p-adic sheaves on a tower of schemes. Of course,
Shapiro’s lemma gives an interpretation of a compatible system of sheaves on a tower
of schemes as a compatible system of sheaves on a single scheme. However, such an
interpretation yields a direct limit of p-adic sheaves, and hence completely differs from a
profinite Zp-sheaf. A prodiscrete cohomology of profinite Zp-sheaves is compact, while
a completed cohomology of a compatible system of sheaves on a tower of schemes is
Banach, which is far from compact. The compactness is important for interpolation. The
Iwasawa algebra, which is compact, is identified with the algebra of rigid analytic func-
tions, and interpolation by rigid analytic functions has good congruence property. On the
other hand, the algebra of bounded continuous functions, which is Banach, has infinitely
many idempotents, and hence interpolation by continuous functions does not perform so
well. We guess that in order to compare with the two cohomologies in a direct way, one
needs some duality theory of sheaves extending Schneider–Teitelbaum theory ([ST02]).
In §2.3, we define actions of Gal(Q/Q) and Hecke operators on prodiscrete cohomolo-
gies. We verify the action of Hecke operators is Gal(Q/Q)-equivariant in Proposition
2.14. We will use the actions in a geometric construction of a p-adic family of Galois
representations associated to modular forms.
In §3.1, we give an explicit way to interpolate Symk−2(Q2p) along weights k ∈ N ∩
[2,∞). Although the dimension of Symk−2(Q2p) for each k ∈ N ∩ [2,∞) are pairwise
distinct, there are infinite dimensional extensions of them as is shown in Theorem 3.8
and Remark 3.13. They share the underlying topological modules, and hence can be
easily interpolated. In §3.2, we construct a profinite module over the Iwasawa algebra
with a continuous actions of Gal(Q/Q) and T<sN . We verify the finiteness of it as a mod-
ule over the topological ring generated by the Iwasawa algebra and Hecke operators in
Theorem 3.20. In §3.3, we introduce a notion of a Λ-adic domain in Definition 3.26.
Roughly speaking, it is a 1-dimensional topological algebra over the Iwasawa algebra
with “enough arithmetic points” and “the identity theorem’. We define a notion of a
modular form over a Λ-adic domain. As is shown in Remark 3.32, the reduced eigen-
curve admits a smooth alteration with an open covering of the complement of a discrete
subspace by Qp-analytic spaces associated to Λ-adic domains. In particular, there are
plentiful modular forms over Λ-adic domains. We verify a certain finiteness of the space
of modular forms over a Λ-adic domain in Theorem 3.37. In §3.4, we generalise a re-
sult of [Gro90] in Theorem 3.48. B. H. Gross proved that for any normalised cuspidal
eigenform over Qp of weight 2 and level N, the quotient of the rational Tate module of
the Jacobian of Y1(N) by the corresponding system of Hecke eigenvalues is naturally
isomorphic to the Galois representation associated to the cusp form twisted by a charac-
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ter in the proof of [Gro90] Theorem 11.4, and we loosen the restriction of weight 2 to
weight ≥ 2. Finally, we construct a p-adic family of Galois representations associated to
modular forms in Theorem 3.51 of finite slope.
1 Preliminaries
In this section, let p denote a prime number. We recall several notions of algebraic objects
with topologies. We also recall modular forms and Hecke algebras.
1.1 Topological Modules over Topological Rings
A topological monoid is a monoid G endowed with a topology such that the multiplica-
tion G × G → G : (g, g′) 7→ gg′ is continuous. A monoid is always equipped with the
discrete topology unless specified so that it is regarded as a topological monoid. A topo-
logical group is a topological monoid G such that its underlying monoid is a group and
the inverse G → G : g 7→ g−1 is continuous. A topological group is said to be Abelian
if its underlying group is Abelian. A topological group admits two canonical uniform
structures compatible with its topology, and for an Abelian topological group, the two
canonical uniform structures coincide with each other. Therefore we always equip a
topological Abelian group with the canonical uniform structure.
Example 1.1. Let G be a topological monoid. We denote by Gop the opposite monoid of
G endowed with the topology induced by the identity map (·)op : G → Gop : g 7→ gop of
the underlying sets. Then Gop is a topological monoid. If G is a topological group, then
so is Gop, and the map G → Gop : g 7→ (g−1)op is a homeomorphic group isomorphism.
Example 1.2. Let I be a set, and G = (Gi)i∈I a family of topological monoids (resp.
topological groups). Then the direct product ∏i∈I Gi is a topological monoid (resp. a
topological group) with respect to the direct product topology.
Let M be an Abelian group. The set {m+ pn M ⊂ M | (m, n) ∈ M×N} forms a basis of
a topology OM,p on M, and we call OM,p the p-adic topology on M. Then M is an Abelian
topological group with respect to the p-adic topology on M. We say that M is p-adically
separated (resp. p-adically complete) if the group homomorphism
ιM,p : M → lim←−
r∈N
M/prM
m 7→ (m + pr M)∞r=0
is injective (resp. an isomorphism). By definition, the p-adic topology on M is the weak-
est topology for which ιM,p is continuous with respect to the inverse limit topology of the
discrete topology on the target. In particular, M is p-adically separated (resp. p-adically
complete) if and only if M is Hausdorff (resp. complete) with respect to the p-adic topol-
ogy (resp. the canonical uniform structure associated to the p-adic topology).
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Example 1.3. Let I be a set, and M = (Mi)i∈I a family of p-adically separated (resp.
p-adically complete) Abelian groups. Then the direct product ∏i∈I Mi is a p-adically
separated (resp. p-adically complete) Abelian group. The direct product topology of the
p-adic topologies does not necessarily coincide with the p-adic topology on the direct
product.
Proposition 1.4. Let M and N be Abelian groups. Every group homomorphism M → N
is continuous with respect to the p-adic topologies.
Proof. Let ϕ : M → N be a group homomorphism. We have⋃
m′∈ker(ϕ)
(m + m′) + pr M = m + ker(ϕ) + pr M ⊂ ϕ−1 (ϕ(m) + prN)
for any (m, r) ∈ M × N. It ensures the continuity of ϕ. 
A Zp-module is said to be p-adically separated (resp. p-adically complete) if its un-
derlying Abelian group is p-adically separated (resp. p-adically complete). For any p-
adically complete Abelian group M, the natural action of Zp on the target of ιM,p makes M
a Zp-module. Therefore the notion of a p-adically complete Abelian group is equivalent
to that of a p-adically complete Zp-module.
Example 1.5. Every finitely generated Zp-module is p-adically complete, while there is
no non-trivial Qp-vector space which is p-adically separated.
Proposition 1.6. Let M be a p-adically complete Zp-module. For any Zp-submodule
L ⊂ M closed with respect to the p-adic topology, the canonical projection M ։ M/L is
a quotient map with respect to the p-adic topologies.
Proof. Let ϕ : M ։ M/L denote the canonical projection. The continuity of ϕ follows
from Proposition 1.4. We have ϕ(m+ pr M) = (m+ L)+ pr(M/L) for any (m, r) ∈ M ×N,
and hence ϕ is an open map. Thus the surjective map ϕ is a quotient map. 
In this paper, a ring is always assumed to be unital and associative, but not necessarily
commutative. A topological ring is a ring R endowed with a topology such that R is a
topological Abelian group with respect to the addition R × R → R : (r, r′) 7→ r + r′, and
is a topological monoid with respect to the multiplication R × R → R : (r, r′) 7→ rr′. We
always equip a topological ring with the canonical uniform structure associated to the
topological Abelian group structure given by the addition. A topological ring is said to
be commutative if its underlying ring is commutative.
Example 1.7. For a ring R, the p-adic topology on R is the p-adic topology on the ad-
ditive group of R. Since pnR ⊂ R is a two-sided ideal for any n ∈ N, ιR,p is a ring
homomorphism, and hence R is a topological ring with respect to the p-adic topology.
Remark 1.8. Let R be a topological ring. The unit group R× ⊂ R is a submonoid of R
with respect to the multiplication, and we regard it as a topological monoid with respect
to the relative topology. It is not necessarily a topological group. For a topological group
G, we call a continuous monoid homomorphism G → R× a continuous character.
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Let R be a topological ring. A topological R-module is a topological Abelian group M
endowed with a structure of a left module over the underlying ring of R on the underlying
Abelian group of M such that the scalar multiplication R × M → M : (r,m) 7→ rm is
continuous. A topological R-module is said to be a discrete R-module if its underlying
topology is the discrete topology, is said to be a finite R-module if it is a discrete R-
module whose underlying set is a finite set, and is said to be a profinite R-module if it is
homeomorphically isomorphic to the inverse limit of finite R-modules. For a topological
R-module M, we denote by OM the set of open R-submodules of M. A topological R-
module is said to be linearly complete if the continuous R-linear homomorphism
M → lim←−
L∈OM
M/L
m 7→ (m + L)L∈OM
is a homeomorphic isomorphism. For any linearly complete topological R-module, OM
forms a fundamental system of neighbourhoods of 0. Every discrete R-module is linearly
complete. In particular, every finite R-module is linearly complete. Every inverse limit of
linearly complete topological R-modules is linearly complete. Therefore every profinite
R-module is linearly complete.
Example 1.9. For any ring R and left R-module M, M is a topological R-module with
respect to the p-adic topologies on R and M.
Example 1.10. Let R be a commutative topological ring. For linearly complete (resp.
profinite) R-modules M0 and M1, we set
M0⊗ˆRM1 ≔ lim←−(L0,L1)∈OM0×OM1
(M0/L0) ⊗R (M1/L1),
and endow it with the inverse limit topology of the discrete topologies. Then M0⊗ˆRM1 is
a linearly complete (resp. profinite) R-module.
Proposition 1.11. Let R be a commutative topological ring with underlying ring |R|, and
M0, M1, and M2 linearly complete R-modules with underlying |R|-modules |M0|, |M1|,
and |M2| respectively. For any continuous R-linear homomorphism f : M1 → M2, there
uniquely exists a continuous R-linear homomorphism
idM0⊗ˆ f : M0⊗ˆRM1 → M0⊗ˆRM2
extending the |R|-linear homomorphism
id|M0 | ⊗ f : |M0| ⊗|R| |M1| → |M0| ⊗|R| |M2|
m0 ⊗ m1 7→ m0 ⊗ f (m1).
Moreover, if M0 and M1 are profinite R-modules and f is surjective, then so is idM0⊗ˆ f .
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Proof. The uniqueness is obvious because the image of |M0|⊗|R| |M1| is dense in M0⊗ˆRM1
and M0⊗ˆRM2 is Hausdorff. The |R|-linear homomorphism id|M0 |⊗ f induces a well-defined
R-linear homomorphism
M0/L0 ⊗|R| M1/L1 → M0/L0 ⊗|R| M2/L2
(m0 + L0) ⊗ (m1 + L1) 7→ (m0 + L0) ⊗ ( f (m1) + L2)
continuous with respect to the discrete topologies for any (L0, L1, L2) ∈ OM0 ×OM1 ×OM2
with f (L1) ⊂ L2. Since f is continuous, f −1(L2) ∈ OM1 for any L2 ∈ OM2 , and hence
we have {L2 ∈ OM2 | ∃L1 ∈ OM1 , s.t. f (L1) ⊂ L2} = OM2 . Therefore taking the inverse
limit, we obtain a continuous R-linear homomorphism idM0⊗ˆ f : M0⊗ˆRM1 → M0⊗ˆRM2
extending id|M0 | ⊗ f by the continuity of f . Suppose that M0 and M1 are profinite R-
modules and f is surjective. The image of |M0|⊗|R||M2| is dense in M0⊗ˆRM2, and coincides
with the image of |M0| ⊗|R| |M1| by idM0⊗ˆ f . Since M0 and M1 are profinite R-modules,
so is M0⊗ˆRM1. It ensures that idM0⊗ˆ f is a continuous homomorphism from a compact
module to a Hausdorffmodule, and hence is a closed map. Thus idM0⊗ˆ f is surjective. 
Proposition 1.12. Every profinite Zp-module is p-adically separated, and its p-adic
topology is finer than or equal to its original topology.
Proof. Let M be a profinite Zp-module. Since M is Hausdorff, the second assertion im-
plies the first assertion. Since the topology of a linearly complete Zp-module is generated
by open Zp-submodules, it suffices to verify that for any open Zp-submodule L ⊂ M, there
is an r ∈ N such that pr M ⊂ L. Since M is compact, L is of finite index as an additive sub-
group of M. Therefore M/L is a Zp-module whose underlying group is a finite Abelian
group, and hence there is an r ∈ N such that pr(M/L) = 0. It implies pr M ⊂ L. 
Corollary 1.13. For a p-adically separated Zp-module M and a profinite Zp-module N,
every Zp-linear homomorphism M → N is continuous with respect to the p-adic topology
on M.
Proposition 1.14. Let R be a compact topological ring, and M a topological R-module.
Then M is a profinite R-module if and only if M is a compact Hausdorff R-module such
that the set of open Z-submodules forms a fundamental system of neighbourhoods of 0.
Proof. The necessary implication follows from Tychonoff’s theorem. Suppose that M is
a compact Hausdorff R-module such that the set of open Z-submodules forms a funda-
mental system of neighbourhoods of 0. In order to verify that M is a profinite R-module,
it suffices to show that OM forms a fundamental system of neighbourhoods of 0. Let
L ⊂ M be an open Z-submodule of M. By the continuity of the scalar multiplication
R × M → M, there are an open neighbourhood I ⊂ R of 0 ∈ R and an open Z-submodule
L′0 ⊂ M such that {il | (i, l) ∈ I × L′0} ⊂ L. For each r ∈ R, we denote by r + I the subset
{r + i | i ∈ I} ⊂ R, which is open by the continuity of the addition R × R → R. Since R
is compact, the open covering {r + I | r ∈ R} admits a finite subcovering. Suppose that
{rh + I | h ∈ N ∩ [1, d]} covers R for a d ∈ N and an (rh)dh=1 ∈ Rd. By the continuity of the
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scalar multiplication R × M → M again, there is an open Z-submodule L′h ⊂ M such that
{rhl | l ∈ L′h} ⊂ L for any h ∈ N ∩ [1, d]. Put L′ ≔
⋂d
h=0 L′h. Then L′ generates an open
R-submodule contained in L. 
Proposition 1.15. Let R be a commutative compact Hausdorff ring with the underlying
ring |R|, and M a finitely generated |R|-module. For any finite subset S ⊂ M of generators,
the quotient topology on M with respect to the surjective |R|-linear homomorphism
RS ։ M
(rs)s∈S 7→
∑
s∈S
rss
makes M a compact Hausdorff topological R-module, and is independent of S .
We call this quotient topology the canonical topology on M.
Proof. The first assertion follows from Tychonoff’s theorem. Let S 0, S 1 ⊂ M be finite
subsets of generators with S 0 ⊂ S 1. Since S 0 generates M, for each s ∈ S 1\S 0, there is
an (rs,s′)s′∈S 0 ∈ RS 0 with s =
∑
s′∈S 0 rs,s′ s
′
. The surjective R-linear homomorphism
RS 1 ։ RS 0
(rs)s∈S 1 7→
∑
s∈S 0
rs + ∑
s′∈S 1\S 0
rs,s′
 s
is a continuous map between compact Hausdorff topological spaces by the continuity
of the addition and the multiplication, and hence is a quotient map. The second asser-
tion follows from the fact that the set of finite subsets of generators of M is directed by
inclusions. 
Let R be a commutative topological ring. A topological R-algebra is a topological
ring A endowed with a continuous ring homomorphism R → A whose image lies in
the centre of A . Every topological R-algebra A is a topological left R-module by the
continuity of the multiplication A ×A → A and the structure map R → A . A topolog-
ical R-algebra is said to be a profinite R-algebra if it is homeomorphically isomorphic to
the inverse limit of topological R-algebras whose underlying topological R-modules are
finite R-modules. Every profinite R-algebra is a profinite R-module by definition. We do
not use the term “a finite R-algebra” because it is ambiguous here.
Example 1.16. Let K be an algebraic extension of Qp, and OK the integral closure of Zp
in K. Then K and OK are commutative topological Zp-algebras with respect to a unique
extension | · | : K → [0,∞) of a p-adic norm on Qp, and the relative topology of OK ⊂ K
coincides with the p-adic topology.
Example 1.17. Let X be a topological space, and R a commutative topological ring. Then
the R-algebra C(X,R) of continuous maps X → R is a commutative topological R-algebra
with respect to the topology of uniform convergence.
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Example 1.18. Let R be a commutative topological ring, and A a profinite R-algebra.
For a linearly complete (resp. profinite) R-module M, we regard A ⊗ˆRM as a linearly
complete (resp. profinite) A -module with respect to the natural action of A . When
we emphasis the structure morphism ϕ : R → A , then we write (A , ϕ)⊗ˆRM instead of
A ⊗ˆRM.
Example 1.19. Let R be a commutative topological ring with underlying ring |R|, and
A0 and A1 commutative profinite R-algebras with underlying |R|-algebras |A0| and |A1|
respectively. Then the structure of |A0|⊗|R| |A1| as a commutative |R|-algebra uniquely ex-
tends a structure of A0⊗ˆRA1 as a topological R-algebra, for which A0⊗ˆRA1 is a commu-
tative profinite R-algebra. For any profinite R-module M, if M is endowed with structures
of a profinite A0-module and a profinite A1-module extending the structure of a profinite
R-module, then there uniquely exists a structure of a profinite (A0⊗ˆRA1)-module on M
extending the structures of a profinite A0-module and a profinite A1-module.
Proposition 1.20. Let R be a commutative topological ring. A topological R-algebra
A is a profinite R-algebra if and only if the underlying topological ring of A is a com-
pact Hausdorff topological ring such that the set of open two-sided ideals of A forms a
fundamental system of neighbourhoods of 0.
Proof. Let I denote the set of open two-sided ideals of A . If A is a profinite R-
algebra, then A is homeomorphically isomorphic to the inverse limit of its quotients
by open two-sided ideals of finite index, and hence the underlying topological ring of
A is a compact Hausdorff topological ring such that I forms a fundamental system
of neighbourhoods of 0. Conversely, suppose that the underlying topological ring of
A is a compact Hausdorff topological ring such that I forms a fundamental system
of neighbourhoods of 0. For any I ∈ I , the compactness of A ensures that A /I is a
topological R-algebra whose underlying R-module is a finite R-module. The R-algebra
homomorphism
ι : A → lim←−
I∈I
A /I
a 7→ (a + I)I∈I
is continuous, and the image is dense with respect to the inverse limit topology on the
target. Since A is compact, ι is a closed map and hence is surjective. Since A is
Hausdorff, ι is injective because I forms a fundamental system of neighbourhoods of
0. Thus ι is a homeomorphic R-algebra isomorphism, and hence A is a profinite R-
algebra. 
Corollary 1.21. Let R0 be a commutative topological ring, R1 a commutative topological
R-algebra, and A a topological R1-algebra. Then A is a profinite R0-algebra if and only
if A is a profinite R1-algebra.
Corollary 1.22. Let R be a commutative topological ring, and A a Zp-algebra finitely
generated as a Zp-module. For any continuous ring homomorphism R → A , A is a
profinite R-algebra with respect to the p-adic topology on A .
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Proposition 1.23. Let A be a topologicalZp-algebra. For any Hausdorff topological A -
module M whose underlying Zp-module is finitely generated, the topology of M coincides
with the p-adic topology, and M is a profinite A -module.
Proof. Take a finite subset S ⊂ M of generators of the underlying Zp-module of M. By
the continuity of the addition M × M → M and the scalar multiplication Zp × M → M,
the surjective Zp-linear homomorphism
ϕ : ZSp → M
(am)m∈S 7→
∑
m∈S
amm
is continuous. Since ZSp is compact and M is Hausdorff, ϕ is a quotient map. It follows
from Proposition 1.6 that the topology of M coincides with the p-adic topology. Since M
is finitely generated as a Zp-module, it is p-adically complete. Since pr lies in the centre
of A , the action of A on M extends to a unique action on M/prM for any r ∈ N. We
have a homeomorphic R-linear isomorphism
M
∼→ lim←−
r∈N
M/prM,
and hence M is a profinite A -module. 
Corollary 1.24. Let A be a commutative topological Zp-algebra with a topologically
nilpotent element ǫ ∈ A . For any Hausdorff topological A -module M whose underlying
Zp-module is finitely generated, the continuous A -linear homomorphism
M → lim←−
r∈N
M/ǫrM
m 7→ (m + ǫrM)∞r=0
is a homeomorphic isomorphism.
Proof. By Proposition 1.23, the topology of M is given by the p-adic topology. Let
r′ ∈ N\{0}. Then M/pr′M is a finite A -module. For any m ∈ M/pr′M, since ǫ is a
topologically nilpotent, there is an r ∈ N such that ǫrm = 0. Since the underlying set of A
is a finite set, there is an r ∈ N such that ǫr(M/pr′M). It implies the canonical projection
M/pr′M ։ (M/pr′M)/ǫr(M/pr′M)  M/(pr′M + ǫrM) is a homeomorphic A -linear
isomorphism. Since M is finitely generated as a Zp-module, so is M/ǫrM for any r ∈ N.
Therefore M/ǫrM is p-adically complete, and the topology of M/ǫrM coincides with the
p-adic topology by Proposition 1.23 for any r ∈ N. Therefore we obtain a homeomorphic
A -linear isomorphism
M  lim←−
r′∈N
M/pr′M  lim←−
r′∈N
lim←−
r∈N
M/(pr′M + ǫr M)  lim←−
r∈N
lim←−
r′∈N
M/(pr′M + ǫrM)
 lim←−
r∈N
M/ǫrM.

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Proposition 1.25. Let R be a commutative compact Hausdorff ring with the underlying
ring |R|, and A a commutative |R|-algebra finitely generated as an |R|-module. Then the
canonical topology on A as an |R|-module makes A a compact Hausdorff topological
R-algebra.
Proof. Let S be a finite subset S ⊂ A of generators as an |R|-module. The surjective
R-linear homomorphism
RS ։ A
(rs)s∈S 7→
∑
s∈S
rss.
is a quotient map by the definition of the canonical topology. Since S generates A as an
R-module, for each (s′, s′′) ∈ S × S , there is an (rs,s′,s′′)s∈S such that s′s′′ = ∑s∈S rs,s′,s′′ s.
We consider the R-bilinear homomorphism
∇ : RS × RS → RS
((r′s)s∈S , (r′′s )s∈S ) 7→
 ∑
s′,s′′∈S
rs,s′,s′′r
′
s′r
′′
s′′

s∈S
,
which is continuous by the continuity of the addition and the multiplication. By the
compatibility of the quotient topology and the direct product, the continuity of ∇ ensures
that of the multiplication A ×A → A . 
Definition 1.26. Let A be a topological Zp-algebra. For a topological A -module M, we
denote by torp(M) ⊂ M the A -submodule consisting of elements m ∈ M with prm = 0
for some r ∈ N, and by Mfree the topological A -module flat over Zp obtained as the
quotient M/torp(M).
For any discrete A -module M, its A -submodule torp(M) is closed, and hence its
quotient Mfree is also a discrete A -module. On the other hand, for a topological A -
module M which is not a discrete A -module, torp(M) is not necessarily closed, and hence
Mfree is not necessarily Hausdorff even if M is Hausdorff. Moreover, the correspondence
M  Mfree does not necessarily commute with direct products.
Example 1.27.
Zp = lim←−
r∈N
Zp/prZp ֒→
 ∞∏
r=0
Z/prZ

free
։
∞∏
r=0
(Z/prZ)free = 0.
1.2 Topological Modules over Topological Monoids
Let S be a topological space. A topological space with an action of S is a pair (X, ρ)
of a topological space X and a continuous map ρ : S × X → X. For topological spaces
(X0, ρ0) and (X1, ρ1) with actions of S , an S -equivariant map ϕ : (X0, ρ0) → (X1, ρ1) is a
continuous map ϕ : X0 → X1 satisfying ϕ(ρ0(s, x)) = ρ1(s, ϕ(x)) for any (s, x) ∈ S × X0.
Let G be a topological monoid. A G-space is a topological space (X, ρ) with an action of
the underlying topological space of G satisfying the following:
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(i) The equality ρ(g, ρ(g′, x)) = ρ(gg′, x) holds for any (g, g′, x) ∈ G ×G × X.
(ii) The equality ρ(1, x) = x holds for any x ∈ X.
Example 1.28. Let H ⊂ C denote the upper half plain {a + b√ − 1 | (a, b) ∈ R × (0,∞)}.
Then H is an SL2(Z)-space with respect to the action
SL2(Z) × H → H((
a b
c d
)
, z
)
7→ az + b
cz + d
given by linear fractional transformations.
Proposition 1.29. Let p be a prime number. The subset
Π0(p) ≔
(
Zp Zp
pZp Z×p
)
⊂ M2(Zp),
is a closed submonoid with respect to the multipication and the p-adic topology of the
additive group of M2(Zp), and Zp is a Π0(p)-space with respect to the action
mp : Π0(p) × Zp → Zp((
a b
c d
)
, z
)
7→ mp
((
a b
c d
)
, z
)
≔
az + b
cz + d
given by p-adic linear fractional transformations.
Proof. To begin with, we verify that the image of mp actually lies in Zp. Let (A, z) ∈
Π0(p) × Zp with A =
(
a b
c d
)
. We have cz ∈ pZp, d ∈ Z×p , and hence cz + d ∈ Z×p . Since
az + b ∈ Zp, we obtain mp(A, z) ∈ Zp. The function
Zp × Zp × pZp × (1 + pZp) × Zp → Zp
(a, b, c, d, z) 7→ mp
((
a b
c d
)
, z
)
is locally analytic, and hence mp is continuous. For any (A, B, z) ∈ Π0(p) × Π0(p) × Zp
with A =
(
a b
c d
)
and B =
(
e f
g h
)
, we have
mp(A,mp(B, z)) = mp
((
a b
c d
)
,
ez + f
gz + h
)
=
a(ez + f ) + b(gz + h)
c(ez + f ) + d(gz + h)
=
(ae + bg)z + (a f + bh)
(ce + dg)z + (c f + dh) = mp
((
ae + bg a f + bh
ce + dg c f + dh
)
, z
)
= mp(AB, z).
For any z ∈ Zp, mp(1, z) = z by definition. Thus (Zp,mp) is a Π0(p)-space. 
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A topological group is said to be a profinite group if it is homeomorphically isomor-
phic to the inverse limit of finite groups. The notion of a profinite group is equivalent
to the notion of a compact Hausdorff totally disconnected group, and to the notion of a
compact topological group such that the set of open normal subgroups forms a system of
fundamental neighbourhoods of the unit.
Example 1.30. Let K be a field, L a Galois algebraic extension of K, and S an algebraic
variety over k. Then Gal(L/K) is a profinite group, and for any locally constant sheaf
F of finite Abelian groups on S e´t, the e´tale cohomology H∗(S ×K L,F ) of the inverse
image of F by the base change S ×K L → S is a Gal(L/K)-space whose underlying set
is a finite set.
In the following in this subsection, let R denote a commutative topological ring, and
G a topological monoid. A topological R[G]-module is a pair (M, ρ) of a topological
R-module M and a continuous map ρ : G × M → M such that ρ makes the underlying
topological space of M a G-space and satisfies the following:
(iii) The equality ρ(g,m+m′) = ρ(g,m)+ρ(g,m′) holds for any (g,m,m′) ∈ G×M×M.
(iv) The equality ρ(g, rm) = rρ(g,m) holds for any (g, r,m) ∈ G × R × M.
For a topological R[G]-module (M, ρ), we denote by Γ(G, (M, ρ)) ⊂ M the closed R-
submodule consisting of elements m ∈ M with ρ(g,m) = m for any g ∈ G. A topological
R[G]-module is said to be a discrete R[G]-module if its underlying topological R-module
is a discrete R-module. A topological R[G]-module is said to be a finite R[G]-module if its
underlying topological R-module is a finite R-module, and is said to be a profinite R[G]-
module if it is homeomorphically isomorphic to the inverse limit of finite R[G]-modules.
The underlying topological R-module of a finite R[G]-module is a finite R-module by
definition, and hence the underlying topological R-module of a profinite R[G]-module
is a profinite R-module. Every profinite R[G]-module is a compact Hausdorff totally
disconnected topological R[G]-module.
Example 1.31. We endow M2(R) with the direct product topology through the R-linear
isomorphism M2(R)  R4 given by the canonical basis of R2. Then M2(R) is a topological
monoid with respect to the multiplication, and R2 is a topological R[M2(R)]-module with
respect to the natural representation
ρR2 : M2(R) × R2 → R2((
a b
c d
)
,
(
α0
α1
))
7→
(
aα0 + bα1
cα0 + dα1
)
.
For each n ∈ N, we denote by Symn(R2, ρR2) = (Symn(R2), Symn(ρR2)) the topologi-
cal R[M2(R)]-module obtained as the n-th symmetric tensor product of (R2, ρR2) over R.
Identifying Symn(R2, ρR2) with the R-module
⊕n
i=0 RT
i
1T
n−i
2 ⊂ R[T1, T2] of homogeneous
polynomials of degree n, we put
T i1T
n−i
2 ≔
(
1
0
)i
⊗
(
0
1
)n−i
∈ Symn(R2)
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for each (n, i) ∈ N × N with i ≤ n.
Let (M, ρ) be a topological R[G]-module. An R-submodule L ⊂ M is said to be an
R[G]-submodule of (M, ρ) if ρ(g, l) ∈ L for any (g, l) ∈ G × L. For instance, rM ⊂ M
is an R[G]-submodule of (M, ρ) for any r ∈ R. When R is a commutative topological
Zp-algebra, then the kernel torp(M) of the canonical projection M ։ Mfree is an R[G]-
submodule of M.
Example 1.32. Let (M, ρ) be a topological R[G]-module. There are several examples of
topological R[G]-modules induced by (M, ρ).
(i) Every R[G]-submodule L ⊂ M is a topological R[G]-module with respect to the
relative topology and a well-defined action
ρ|L : G × L → L
(g, l) 7→ ρ(g, l),
and we put (M, ρ)|L ≔ (L, ρ|L).
(ii) For any R[G]-submodule L of (M, ρ), M/L is a topological R[G]-module with re-
spect to the quotient topology and the well-defined action
ρ/L : G × M/L → M/L
(g,m + L) 7→ ρ(g,m) + L = {ρ(g,m′) | m′ ∈ m + L} ,
and we put (M, ρ)/L ≔ (M/L, ρ/L). In particular, we abbreviate (M, ρ)/rM to
(M, ρ)/r for each r ∈ R. When R is a commutative topological Zp-algebra, then we
put (M, ρ)free ≔ (M, ρ)/torp(M).
(iii) For any topological monoid H and continuous monoid homomorphism ι : H → G,
M is a topological R[H]-module with respect to the action
ResGH(ρ) : H × M → M
(h,m) 7→ ρ(ι(h),m),
and we also denote ResGH(M, ρ) ≔ (M,ResGH(ρ)) simply by (M, ρ) as long as this
abbreviation yields no confusion. In other words, we usually regard a topological
R[G]-module as a topological R[H]-module.
For a topological R[G]-module (M, ρ), we denote by O(M,ρ) the set of open R[G]-
submodules of (M, ρ). A topological R[G]-module (M, ρ) is said to be linearly complete
if the natural continuous R-linear G-equivariant homomorphism
(M, ρ) → lim←−
L∈O(M,ρ)
(M, ρ)/L
m 7→ (m + L)L∈O(M,ρ)
14
is a homeomorphic isomorphism. For any linearly complete R[G]-module (M, ρ), O(M,ρ)
forms a fundamental system of neighbourhoods of 0 ∈ M, and hence is cofinal in OM.
Therefore the underlying topological R-module of a linearly complete R[G]-module is
linearly complete. Every discrete R[G]-module is linearly complete. In particular, ev-
ery finite R[G]-module is linearly complete. Every inverse limit of linearly complete
topological R[G]-modules is linearly complete. Therefore every profinite R[G]-module
is linearly complete.
Example 1.33. Let (M0, ρ0) and (M1, ρ1) be linearly complete (resp. profinite) R[G]-
modules. Then the continuous actions ρ0 and ρ1 induce a continuous action
ρ0⊗ˆρ1 : G × (M0⊗ˆRM1) → M0⊗ˆRM1,
for which (M0, ρ)⊗ˆR(M1, ρ1) ≔ (M0⊗ˆRM1, ρ0⊗ˆρ1) is a linearly complete (resp. profi-
nite) R[G]-module. When (M0, ρ0) is the underlying topological R[G]-module of a com-
mutative profinite R-algebra A endowed with the trivial action of G, then we regard
A ⊗ˆR(M1, ρ1) as a linearly complete (resp. profinite) A [G]-module with respect to the
natural action of A .
Proposition 1.34. For any commutative topological Zp-algebra A , every Hausdorff
topological A [G]-module (M, ρ) whose underlying Zp-module is finitely generated is
a profinite A [G]-module.
Proof. Since the underlying Zp-module of M is finitely generated, it is p-adically com-
plete. By Proposition 1.23, the topology of M coincides with the p-adic topology. Since
pr M is stable under the action of G, we have a homeomorphic A -linear G-equivariant
isomorphism
(M, ρ) → lim←−
r∈N
(M, ρ)/pr
m 7→ (m + prM)∞r=0.
Thus (M, ρ) is a profinite A [G]-module. 
A topological R[G]-algebra is a pair (A , ρ) of a topological R-algebra A and a con-
tinuous map ρ : G × A → A such that ρ makes the underlying topological R-module of
A a topological R[G]-module and satisfies the following:
(iv) The equality ρ(g, f f ′) = ρ(g, f )ρ(g, f ′) holds for any (g, f , f ′) ∈ G × A ×A .
(v) The equality ρ(g, 1) = 1 holds for any g ∈ G.
We remark that when G is a topological group, then the condition (v) follows from other
conditions. For any topological R[G]-algebra (A , ρ), we have ρ(g, r1) = rρ(g, 1) = r1
by the condition (v) for any (g, r) ∈ G × R, and hence the image of R is contained in
Γ(G, (A , ρ)). A topological R[G]-algebra is said to be commutative if its underlying
topological R-algebra is commutative, and is said to be a profinite R[G]-algebra if it is
homeomorphically isomorphic to the inverse limit of topological R[G]-algebras whose
underlying topological R-modules are finite R-modules.
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Example 1.35. Suppose that G is a profinite group, and let OG denote the set of open
normal subgroups of G. Then
Zp[[G]] ≔ lim←−
K∈OG
Zp[G/K]
is a profinite Zp[G]-algebra with respect to the inverse limit topology of the p-adic topolo-
gies, and we call it the Iwasawa algebra associated to G. It admits a natural embedding
G ֒→ Zp[[G]]×, for which for any profinite Zp[G]-module (M, ρ), there uniquely ex-
ists a structure on M as a profinite Zp[[G]]-module extending the structure as a profinite
Zp[G]-module. In particular, for any profinite Zp-algebra A with a continuous character
G → A × (Remark 1.8), the natural structure on A as a profinite Zp[G]-algebra uniquely
extends to a structure as a profinite Zp[[G]]-algebra. We call this property the universality
of the Iwasawa algebra.
Proposition 1.36. Let (X, ρ) be a compact G-space. Then C(X,R) is a commutative
topological R[Gop]-algebra with respect to the action
ρ∨ : Gop × C(X,R) → C(X,R)
(gop, f ) 7→ (ρ∨(gop, f ) : x 7→ f (ρ(g, x))) .
For the convention of Gop, see Example 1.1.
Proof. We verify the continuity of ρ∨. For each f ∈ C(X,R) and open subset J ⊂ R, put
f +C(X, J) ≔ { f ′ ∈ C(X,R) | ( f ′− f )(x) ∈ J, ∀x ∈ X}, which is an open neighbourhood of
f , and the set of such subsets forms an open basis of C(X,R) by the definition of the topol-
ogy of uniform convergence. For any open subset J ⊂ R, we have ρ∨(gop, f ) ∈ C(X, J)
for any (gop, f ) ∈ Gop × C(X, J) by the definition of ρ∨. Let (gop0 , f0) ∈ Gop × C(X,R), and
I ⊂ C(X,R) be an open neighbourhood of ρ∨(gop0 , f0). Take an open neighbourhood J ⊂ R
of 0 such that ρ∨(gop0 , f0) + C(X, J) is contained in I. By the continuity of the addition
R × R → R and the additive inverse R → R : r 7→ −r, there is an open neighbourhood
J0 ⊂ R of 0 such that r − r′ + r′′ ∈ J for any (r, r′, r′′) ∈ J0 × J0 × J0. For any x ∈ X, the
set Ux ≔ {x′ ∈ X | f0(x′) − f0(x) ∈ J0} is an open neighbourhood of x by the continuity
of f , the addition R × R → R, and the additive inverse R → R : r 7→ −r. For any x ∈ X,
the preimage ρ−1(Uρ(g0 ,x)) ⊂ G × X is an open neighbourhood of (g0, x) by the continuity
of ρ, and hence there are open neighbourhoods U1x ⊂ G and U2x ⊂ X of g0 and x respec-
tively such that U1x × U2x ⊂ ρ−1(Uρ(g0,x)), or equivalently, f0(ρ(g′, x′)) − f0(ρ(g0, x)) ∈ J0
for any (g′, x′) ∈ U1x × U2x . We denote by C the set of triad (x,U1x ,U2x) of x ∈ X, an
open neighbourhood U1x ⊂ G of g0, and an open neighbourhood U2x ⊂ X of x such that
f0(ρ(g′, x′)) − f0(ρ(g0, x)) ∈ J0 for any (g′, x′) ∈ U1x × U2x . Since X is compact, the
open covering {U2 | ∃x ∈ X, ∃U1 ⊂ G, s.t. (x,U1,U2) ∈ C } admits a finite subcovering
U = {U2i | i ∈ N ∩ [1, d]}. For each i ∈ N ∩ [1, d], take an xi ∈ X and a U1xi ⊂ G with
(xi,U1xi ,U2i ) ∈ C , and formally put U2xi ≔ U2i . We do not mean U2i = U2j even though
xi = x j. Set U1 ≔
⋂d
i=1 U1xi ⊂ G. We denote by (U1)op ⊂ Gop the image of U1. It is an
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open neighbourhood of gop0 . Let ((g′)op, f ′) ∈ U1 × ( f0 + C(X, J0)). For any x ∈ X, there
is an i ∈ N ∩ [1, d] such that x ∈ U2xi , and we have
ρ∨((g′)op, f ′)(x) = f ′(ρ(g′, x))
∈ f ′(ρ(U1xi × U2xi )) ⊂ f ′(Uρ(g0 ,xi)) = f ′
({x′ ∈ X | f0(x′) − f0(ρ(g0, xi)) ∈ J0})
⊂ (( f ′ − f0) + f0) ({x′ ∈ X | f0(x′) − f0(ρ(g0, xi)) ∈ J0})
⊂ J0 + ( f0(ρ(g0, xi)) + J0) ⊂ J0 + (( f0(ρ(g0, x)) − J0) + J0) ⊂ ρ∨(gop0 , f0)(x) + J.
It implies ρ∨(g′, f ′) ∈ ρ∨(g0, f0) + C(X, J). Thus ρ∨ is continuous.
We verify the other conditions. For any (gop, hop, f ) ∈ Gop ×Gop × C(X,R), we have
ρ∨(gophop, f ) = ρ∨((hg)op, f ) = f (ρ(hg, x)) = f (ρ(h, ρ(g, x))) = ρ∨(hop, f )(ρ(g, x))
= ρ∨(gop, ρ∨(hop, f ))(x),
for any x ∈ X, and hence ρ∨(gop, ρ∨(hop, f )) = ρ∨(gophop, f ). For any f ∈ C(X,R), we
have
ρ∨(1op, f )(x) = f (ρ(1op, x)) = f (x)
for any x ∈ X, and hence ρ∨(1op, f ) = f . For any (gop, f , f ′) ∈ Gop × C(X,R) × C(X,R),
we have
ρ∨(gop, f + f ′)(x) = ( f + f ′)(ρ(g, x)) = f (ρ(g, x)) + f ′(ρ(g, x))
= ρ∨(gop, f )(x) + ρ∨(gop, f ′)(x),
for any x ∈ X, and hence ρ∨(gop, f + f ′) = ρ∨(gop, f ) + ρ∨(gop, f ′). For any (gop, r, f ) ∈
Gop × R × C(X,R), we have
ρ∨(gop, r f )(x) = (r f )(ρ(g, x)) = r( f (ρ(g, x))) = rρ∨(gop, f )(x),
for any x ∈ X, and hence ρ∨(gop, r f ) = rρ∨(gop, f ). For any (gop, f , f ′) ∈ Gop × C(X,R) ×
C(X,R), we have
ρ∨(gop, f f ′)(x) = ( f f ′)(ρ(g, x)) = f (ρ(g, x)) f ′(ρ(g, x)) = ρ∨(gop, f )(x)ρ∨(gop, f ′)(x),
for any x ∈ X, and hence ρ∨(gop, f f ′) = ρ∨(gop, f )ρ∨(gop, f ′). For any gop ∈ Gop, we have
ρ∨(gop, 1)(x) = 1(ρ(g, x)) = 1 = 1(x),
for any x ∈ X, and hence ρ∨(gop, 1) = 1. Thus (C(X,R), ρ∨) is a commutative topological
R[Gop]-algebra. 
Definition 1.37. Let A be a topological R[G]-algebra. A continuous map κ : G → A is
said to be a crossed homomorphism κ : G → (A , ρ) if it satisfies κ(1) = 1 and κ(gg′) =
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κ(g)ρ(g, κ(g′)) for any (g, g′) ∈ G ×G. For a crossed homomorphism κ : G → (A , ρ), we
define a map
ρκ : G × A → A
(g, f ) 7→ κ(g)ρ(g, f ),
and call it the action of G on (A , ρ) of weight κ.
Proposition 1.38. Let A be a topological R[G]-algebra, and κ : G → (A , ρ) a crossed
homomorphism. Then (A , ρκ) is a topological R[G]-module.
Proof. The continuity of ρκ follows from that of ρ, κ, and the multiplication A ×A → A .
We have
ρκ(g, ρκ(g′, f )) = ρκ(g, κ(g′)ρ(g′, f )) = κ(g)ρ(g, κ(g′)ρ(g′, f ))
= κ(g)κ(g′)ρ(g, ρ(g′, f ) = κ(gg′)ρ(gg′, f ) = ρκ(gg′, f )
for any (g, g′, f ) ∈ G × G ×A . We have
ρκ(1, f ) = κ(1)ρ(1, f ) = f
for any f ∈ A . We have
ρκ(g, f + f ′) = κ(g)ρ(g, f + f ′) = κ(g)ρ(g, f ) + κ(g)ρ(g, f ′) = ρκ(g, f ) + ρκ(g, f ′)
for any (g, f , f ′) ∈ G × A ×A . We have
ρκ(g, r f ) = κ(g)ρ(g, r f ) = κ(g)rρ(g, f ) = rκ(g)ρ(g, f ) = rρκ(g, f )
for any (g, r, f ) ∈ G × R × A . Thus (A , ρκ) is a topological R[G]-module. 
Corollary 1.39. Let (X, ρ) be a compact G-space, and κ : G → C(X,R) : g 7→ κg a
continuous map such that κ1 = 1 and κgg′(x) = κg(ρ(g′, x))κg′(x) for any (g, g′, x) ∈
G ×G × X. Then C(X,R) is a topological R[Gop]-module with respect to the action
ρ∨κ : Gop × C(X,R) → C(X,R)
(gop, f ) 7→
(
ρ∨κ (gop, f ) : x 7→ κg(x) f (ρ(g, x))
)
.
Proof. We abbreviate κ ◦ (·)op to κ. We have ρ∨κ (gop, f ) = κgopρ∨(gop, f ) for any (gop, f ) ∈
Gop × C(X,R). Therefore by Proposition 1.36 and Proposition 1.38, it suffices to verify
that κ is a crossed homomorphism Gop → (C(X,R), ρ∨). For any (gop, (g′)op, f ) ∈ Gop ×
Gop × C(X,R), we have
κgop(g′)op(x) = κ(g′g)op(x) = κ(g′)op(ρ(g, x))κgop(x) = ρ∨(gop, κ(g′)op)(x)κgop (x)
for any x ∈ X, and hence κgop(g′)op = κgopρ∨(gop, κ(g′)op). Thus κ : Gop → (C(X,R), ρ∨) is a
crossed homomorphism. 
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Example 1.40. By Proposition 1.29 and Proposition 1.36, C(Zp,Zp) admits an action m∨p
of Π0(p)op such that (C(Zp,Zp),m∨p) is a commutative topological Zp[Π0(p))op]-algebra.
For any continuous group homomorphism χ : Z×p → Z×p , the map
κ(χ) : Π0(p) → C(Zp,Zp)(
a b
c d
)
7→ χ(cz + d)
satisfies the conditions in Corollary 1.39 with respect to mp, where z ≔ idZp . Indeed, we
have
κ(χ)
((
a b
c d
) (
e f
g h
))
= κ(χ)
((
ae + bg a f + bh
ce + dg c f + dh
))
= χ((ce + dg)z + (c f + dh)) = χ(c(ez + f ) + d(gz + h)) = χ
(
(gz + h)
(
c
(ez + f
gz + h + d
))
= χ(gz + h)χ
(
c
(ez + f
gz + h
+ d
)
= κ(χ)
((
e f
g h
))
ρ∨
((
e f
g h
)
, κ(χ)
((
a b
c d
)))
for any
((
a b
c d
)
,
(
e f
g h
))
∈ Π0(p) × Π0(p). Thus we obtain a continuous action
(m∨p)κ(χ) of Π0(p)op on C(Zp,Zp).
1.3 p-adic Modular Forms and Hecke Algebras
Let N be a positive integer with N ≥ 5, and p a prime number dividing N. Henceforth,
we fix an algebraic closure Qp of Qp and an isomorphism ιp,∞ : Qp
∼→ C of fields. We
recall p-adic modular forms.
Let R be a commutative topological ring. For each formal power series f (q) =∑∞
h=0 ahqh over R, we put ah( f ) ≔ ah ∈ R for each h ∈ N. Suppose that R is a sub-
ring of Qp. Let k ∈ N ∩ [2,∞). A modular form over R of weight k and level N is an
element of the R-algebra R[[q]] of formal power series whose image in C[[q]] is a mod-
ular form of level Γ1(N) of weight k. The notion of modular forms over R is compatible
with extensions of R if R contains Zp by [DI95] Theorem 12.3.2 and Theorem 12.3.4/2,
and hence then coincides with the usual definition given as an R-linear combination of
modular forms over Zp. See also [DR73] VII 3.7. We denote by Mk(Γ1(N),R) ⊂ R[[q]]
the R-submodule of modular forms over R of weight k. For a modular form over R of
weight k and level N, we call its image in C[[q]] its corresponding modular form. A
modular form over R of weight k and level N is said to be a cusp form over R of weight k
and level N if its corresponding modular form is a cusp form.
Identifying Mk(Γ1(N),Qp) as the C-vector space of modular forms of weight k, we
have aQp-linear action of Hecke operators on it. Here a Hecke operator means one of op-
erators Tℓ for a prime number ℓ and diamond operators 〈n〉 for an n ∈ (Z/NZ)× ([Hid86]
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§1 p. 549, [Eme10] §1.2 p. 4-5). Let ǫ : (Z/NZ)× → Q×p be a Dirichlet character. We de-
note by Mk(Γ1(N), ǫ,R) ⊂ Mk(Γ1(N),R) the R-submodule of elements whose correspond-
ing modular forms are contained in the kernel of 〈n〉 − ιp,∞(ǫ(n)) for any d ∈ (Z/NZ)×.
We denote by R[ǫ] ⊂ Qp the R-subalgebra generated by the image of ǫ. Operators Tℓ for
a prime number ℓ and S n for an n ∈ Z coprime to N act on Mk(Γ1(N), ǫ,R[ǫ]) through the
embedding into Mk(Γ1(N),Qp). The action is given explicitly in the following way:
Tℓ : Mk(Γ1(N), ǫ,R[ǫ]) → Mk(Γ1(N), ǫ,R[ǫ])
f (q) 7→
{ ∑∞
h=0 aℓh( f )qh +
∑∞
h=0 ah( f )ǫ(ℓ + NZ)ℓk−2qℓh (ℓ |/N)∑∞
h=0 aℓh( f )qh (ℓ | N)
S n : Mk(Γ1(N), ǫ,R[ǫ]) → Mk(Γ1(N), ǫ,R[ǫ])
f (q) 7→ ǫ(n + NZ)nk−2 f (q).
A modular form f (q) over R of weight k is said to be an eigenform over R of weight k and
level N if its corresponding modular form is an eigenform. It is equivalent to the condition
that there is a Dirichlet character ǫ f such that the image of f in Mk(Γ1(N),R[ǫ f ]) lies in
Mk(Γ1(N), ǫ f ,R[ǫ f ]) and is a simultaneous eigenvector of Hecke operators. An eigenform
f over R of weight k is said to be normalised if a1( f ) = 1. A cuspidal eigenform over R
of weight k and level N is an eigenform over R of weight k and level N which is a cusp
form over R of weight k and level N.
Example 1.41. Let k ∈ N ∩ [2,∞) be an even number. Then the formal power series
Ek(q) ≔ −Bk2k +
∞∑
h=1
∑
d|h
dk−1
 qh ∈ Q[[q]]
is a normalised eigenform overQ of weight k and level N which is not cusp. Here Bk ∈ Q
is the k-th Bernoulli number.
Let k0 ∈ N ∩ [2,∞). We denote by Tk0 ,N ⊂ EndZp(Mk0(Γ1(N),Zp)) the commutative
Zp-subalgebra generated by Hecke operators. Since Mk0(Γ1(N),Qp) is a Qp-vector space,
Tk0,N is torsionfree as a Zp-module. Since C⊗Zp Tk0,N is isomorphic to a C-vector subspace
of EndC(H1(Γ1(N), Symk0−2(C2, ρC2))) by the Eichler–Shimura isomorphism ([Shi59] 5
The´ore`me 1, [Hid93] 6.3 Theorem 4), it is finite dimensional as a C-vector space. By the
equality
Tk0,N = EndZp
(
Mk0
(
Γ1(N),Zp
))
∩ (Qp ⊗Zp Tk0,N)
as Zp-algebras of EndQp(Mk0(Γ1(N),Qp))  Qp ⊗Zp EndZp(Mk0(Γ1(N),Zp)), Tk0,N is a Zp-
algebra finitely generated as a Zp-module. In fact, the finiteness can be verified with no
use of the Eichler–Shimura isomorphism, because Hecke operators act on Mk0(Γ1(N),Z)
by [DI95] Proposition 12.3.11 and [DI95] Proposition 12.4.1. For any n ∈ N with n ∈
1 + NZ, we have S n = nk0−2〈n + NZ〉 = nk0−2〈1 + NZ〉 = nk0−2 ∈ Tk0 ,N , and hence S n is
invertible as an element of Tk0 ,N because n is coprime to p. The map
N ∩ (1 + NZ) → T×k0,N
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n 7→ nk0−2 = S n
is a monoid homomorphism with respect to the multiplication, and it extends to a contin-
uous character
S • : 1 + NZp → T×k0,N
n 7→ nk0−2.
By the universality of the Iwasawa algebra, S • associates a continuous Zp-algebra homo-
morphismZp[[1+NZp]] → Tk0,N , and we regard Tk0 ,N as a profinite Zp[[1+NZp]]-algebra.
The Zp-bilinear pairing
〈·, ·〉 : Tk0,N ⊗Zp Mk0(Γ1(N),Qp) → Qp
(A, f ) 7→ 〈A, f 〉 ≔ a1(A f )
is non-degenerate, and induces a Qp-linear isomorphism
Mk0(Γ1(N),Qp)
∼→ HomZp(Tk0 ,N ,Qp)
by [Hid93] 5.3 Theorem 1. Therefore the subset of Mk0(Γ1(N),Qp) consisting of nor-
malised eigenforms corresponds to the subset of HomZp(Tk0 ,N ,Qp) consisting Zp-algebra
homomorphisms. Let f be a normalised eigenform f overQp of weight k0. We denote by
λ f : Tk0,N → Qp the Zp-algebra homomorphism corresponding to f , and call it the system
of Hecke eigenvalues associated to f . We have ah( f ) = λ f (Th) for any h ∈ N\{0}. In
particular, if f is a cuspidal eigenform over Qp of weight k0 and level N, then we have
f = ∑∞h=1 λ f (Th)qh. Since Tk0 ,N is finitely generated as a Zp-module, the subextension
Qp( f ) of Qp/Qp generated by {ah( f ) | h ∈ N} = {λ f (Th) | h ∈ N} is a finite extension of
Qp. We call Qp( f ) the p-adic Hecke field associated to f .
We denote by
T≤k0 ,N ⊂ EndQp

k0⊕
k=2
Mk(Γ1(N),Qp)

the commutative Zp-subalgebra generated by Tℓ for each prime number ℓ and S n for each
n ∈ N coprime to N acting in a diagonal way. By the universality of the Iwasawa algebra,
we have a continuous Zp-algebra homomorphism Zp[[1 + NZp]] → T≤k0 ,N sending each
n ∈ N ∩ (1 + NZ) ⊂ 1 + Zp to the Hecke operator S n. There is a natural embedding
T≤k0 ,N ֒→
∏k0
k=2 Tk,N by definition, and hence T≤k0 ,N is finitely generated as a Zp-module.
We endow T≤k0 ,N with the p-adic topology, and regard it as a profinite Zp[[1 + NZp]]-
algebra. We put
TN ≔ lim←−
k∈N
T≤k,N ,
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and regard it as a profinite Zp[[1 + NZp]]-algebra.
Let k0 ∈ N ∩ [2,∞). Henceforth, we fix a p-adic norm | · | : Qp → [0,∞), and endow
Qp with a unique non-Archimedean norm | · | : Qp → [0,∞) extending the p-adic norm
on Qp. We denote by Zp ⊂ Qp the valuation ring. It is an integral closure of Zp in Qp,
and hence is independent of the choice of the p-adic norm on Qp. It is well-known that
Mk0(Γ1(N),Qp) ⊂ Qp[[q]] is contained in the image of Zp[[q]] ⊗Zp Qp, and hence we
endow Mk0(Γ1(N),Qp) with the non-Archimedean norm ‖ · ‖ given by setting
‖ f ‖ ≔ max
h∈N
|ah( f )| < ∞
for each f ∈ Mk0(Γ1(N),Qp). An f ∈ Mk0(Γ1(N),Qp) is said to be of finite slope if
f ∈ T hp(Mk0(Γ1(N),Qp)) for any h ∈ N. We denote by Mk0(Γ1(N),Qp)<∞ the Tp-stable
Qp-vector subspace of Mk0(Γ1(N),Qp) consisting of modular forms of finite slope. Since
Hecke operators commute with each other, Mk0(Γ1(N),Qp)<∞ ⊂ Mk0(Γ1(N),Qp) is stable
under the action of the other Hecke operators. Since Mk0(Γ1(N),Qp) is a finite dimen-
sional Qp-vector space, the decreasing sequence (T hp(Mk0(Γ1(N),Qp)))∞h=0 is eventually
stable. It implies that the restriction of Tp on Mk0(Γ1(N),Qp)<∞ is bijective. Moreover,
since Mk0(Γ1(N),Qp)<∞ is a finite dimensional Qp-vector space, the restriction of Tp on
Mk0(Γ1(N),Qp)<∞ and its inverse T−1p are continuous with respect to the norm topology.
Let s ∈ N\{0}. An f ∈ Mk0(Γ1(N),Qp) is said to be of slope < s if f is of finite slope
and limh→∞ ‖(psT−1p )h f ‖ = 0. If f is an eigenform, then it is equivalent to the condition
that the system λ f : Tk0,N → Qp of Hecke eigenvalues associated to f satisfies |λ f (Tp)| >
|p|s. Let R ⊂ Qp be a subring. An f ∈ Mk0(Γ1(N),R) is said to be of slope < s if f is a
modular form over Qp of slope < s. We denote by Mk0(Γ1(N),R)<s ⊂ Mk0(Γ1(N),R) the
R-submodule of modular forms of slope < s. Since Hecke operators commute with each
other, Mk0(Γ1(N),Qp)<s ⊂ Mk0(Γ1(N),Qp) is stable under the action of Hecke operators.
We denote by T[<s]k0 ,N ⊂ EndQp(Mk0(Γ1(N),Qp)<s) the image of Tk0 ,N . Since Tk0,N is finitely
generated as a Zp-module, so is T[<s]k0,N .
The operator Tp is invertible on Mk0(Γ1(N),Qp)<s by definition. We denote by
T<sk0 ,N ⊂ EndQp
(
Mk0(Γ1(N),Qp)<s
)
the commutative Zp-subalgebra generated by T[<s]k0 ,N and p
sT−1p . Let
F(X) = Xn + a1Xn−1 + · · · + an ∈ Zp[X]
be the minimal polynomial of Tp as an element of T[<s]k0 ,N. Since every eigenvalue of Tp
as an element of EndQp(Mk0(Γ1(N),Qp)<s) is of norm in (|p|s, 1], we have |ai| ≤ 1 for any
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i ∈ N∩ [1, n], |p|(n−i)sai < |an| for any i ∈ N∩ [1, n− 1], and |p|ns < |an|. It implies that the
polynomial
Q(X) ≔ a−1n XnP(psX−1) = Xn +
psan−1
an
Xn−1 + · · · + p
ns
an
lies in Zp[X]. Since EndQp(Mk0(Γ1(N),Qp)<s) is aQp-vector space, itsZp-subalgebra T<sk0 ,N
is torsionfree as a Zp-module. Therefore the equality anQ(psT−1p ) = (psT−1p )nP(Tp) = 0 ∈
End
Qp
(Mk0(Γ1(N),Qp)<s) ensures that Q(psT−1p ) = 0 as an element of T<sk0 ,N. It implies
that psT−1p is integral over T
[<s]
k0,N as an element of T
<s
k0,N , and T
<s
k0 ,N is finitely generated as a
T[<s]k0,N-module.
Proposition 1.42. The surjective Tk0,N-algebra homomorphism
T[<s]k0,N[X] ։ T
<s
k0 ,N
X 7→ psT−1p
induces a Tk0,N-algebra isomorphism(
T[<s]k0,N[X]/(TpX − ps)
)
free
 T<sk0,N .
Proof. By the argument above, pn(psT−1p ) ∈ T<sk0,N lies in the image of T[<s]k0,N for an n ∈ N.
Therefore the flatness of Qp as a Zp-module ensures the assertion. 
For each k0 ∈ N, we denote by
T[<s]≤k0 ,N ⊂ EndQp

k0⊕
k=2
Mk(Γ1(N),Qp)<s

the image of T≤k0,N , and by
T<s≤k0 ,N ⊂ EndQp

k0⊕
k=2
Mk(Γ1(N),Qp)<s

the Zp-subalgebra generated by T≤k0 ,N and psT−1p . They are finitely generated as Zp-
modules by a similar argument with that in the previous paragraph. We set
T
[<s]
N ≔ lim←−
k∈N
T[<s]≤k,N
T<sN ≔ lim←−
k∈N
T<s≤k,N ,
and regard them as profinite TN-algebras. In particular, they are regarded as profinite
Zp[[1 + NZp]]-algebras.
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Proposition 1.43. The continuous TN-algebra homomorphism
T
[<s]
N [[X]] → T<sN
X 7→ psT−1p
is surjective.
Proof. To begin with, we verify that the TN-algebra homomorphism
T
[<s]
N [X] → T<sN
X 7→ psT−1p
uniquely extends to a continuous TN-algebra homomorphism
T
[<s]
N [[X]] → T<sN .
Here T[<s]N [X]/(Xr) is regarded as a profinite T[<s]N -algebra with respect to the topology
given by the canonical T[<s]N -linear basis (Xh)r−1h=0 for each r ∈ N, and
T
[<s]
N [[X]] = lim←−
r∈N
T
[<s]
N [X]/(Xr),
is endowed with the inverse limit topology. Let k1 ∈ N∩[2,∞). Let P(X) = Xn+a1Xn−1+
· · · + an ∈ Zp[X] be the minimal polynomial of Tp as an element of T[<s]≤k1 ,N . Since every
eigenvalue of the action of Tp on
⊕k1
k=2 Mk(Γ1(N),Zp)<s is of norm in (|p|s, 1], we have
|ai| ≤ 1 for any i ∈ N ∩ [1, n], |p|(n−i)sai < |an| for any i ∈ N ∩ [1, n − 1], and |p|ns < |an|.
Therefore the polynomial
Q(X) ≔ Xn + p
san−1
an
Xn−1 + · · · + p
ns
an
.
satisfies Q(X) − Xn ∈ pZp[X]. Since T<s≤k1 ,N is torsionfree as a Zp-module, the equality
anQ(psT−1p ) = (psT−1p )nP(Tp) = 0
in T<s≤k1 ,N ensures Q(psT−1p ) = 0 ∈ T<s≤k1 ,N and hence (psT−1p )n ∈ pT<s≤k1 ,N . It implies psT−1p
is topologically nilpotent in T<s≤k1 ,N with respect to the p-adic topology, because T
<s
≤k1 ,N is
p-adically complete. Therefore psT−1p is topologically nilpotent in T<s≤k1,N , and the TN-
algebra homomorphism
T
[<s]
N [X] → T<s≤k1 ,N
X 7→ psT−1p
uniquely extends to a continuous TN-algebra homomorphism
T
[<s]
N [[X]] → T<s≤k0,N
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by the universality of the algebra of formal power series and the p-adic completeness of
T<s≤k0 ,N. Thus the TN-algebra homomorphism
T
[<s]
N [X] → T<sN
X 7→ psT−1p
uniquely extends to a continuous TN-algebra homomorphism
ϕ : T[<s]N [[X]] → T<sN = lim←−
k∈N
T<s≤k,N
by the universality of the inverse limit. The composite
T
[<s]
N [[X]] → T<sN ։ T<s≤k0,N
is surjective by the definition of T<s≤k0 ,N for any k0 ∈ N ∩ [2,∞), and hence the image of
ϕ is dense by the definition of the inverse limit topology. Since T[<s]N [[X]] is compact and
T<sN is Hausdorff, the continuity of ϕ ensures its surjectivity. 
2 Actions on Prodiscrete Cohomologies
In this section, let R denote a commutative topological ring, and G a monoid endowed
with the discrete topology. We mainly consider the case where R is Zp or the Iwasawa
algebras, and G is a submonoid of M2(Zp). We introduce the notion of a prodiscrete
cohomology of a linearly complete R[G]-module. We compare it with the group coho-
mology of the underlying module, and with the cohomology of the derived functor of
Γ(G, ·)◦ lim←− . We also introduce the notion of a profinite R-sheaf on a modular curve. Theprodiscrete cohomology of a profinite R-sheaf coincides with that of the corresponding
profinite R[G]-module for a suitable G under several conditions.
2.1 Prodiscrete Cohomologies of Complete Topological Modules
Suppose that R is discrete. The category Mod(R) (resp. Mod(R[G])) of discrete R-
modules and R-linear homomorphisms (resp. discrete R[G]-modules and R-linear G-
equivariant homomorphisms) naturally admits a structure of an Abelian category. The
correspondence (M, ρ)  Γ(G, (M, ρ)) gives a left exact functor Γ(G, ·) : Mod(R[G]) →
Mod(R). We denote by H∗(G, ·) the cohomology of the right derived functor of Γ(G, ·),
and call it the group cohomology. We remark that the underlying Abelian group of the
group cohomology of a discrete R[G]-module is naturally isomorphic to the group co-
homology of the underlying Z[G]-module, because they can be calculated cocycles and
coboundaries in the same way.
Now we consider the case where R is not necessarily discrete. We denote by |R| the
underlying ring of R endowed with the discrete topology. For a topological R[G]-module
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(M, ρ), the pair |(M, ρ)| = (|M|, |ρ|) of the underlying |R|-module |M| endowed with the dis-
crete topology and the induced action |ρ| : G × |M| → |M| : (g,m) 7→ ρ(g,m) is a discrete
|R|[G]-module, and we denote by H∗(G, (M, ρ)) the discrete |R|-module H∗(G, |(M, ρ)|).
For any finite R[G]-module (M, ρ), the annihilator AnnR(M) ⊂ R is an open ideal, and
acts trivially on H∗(G, (M, ρ)). Therefore the action of |R| makes H∗(G, (M, ρ)) a discrete
R-module for any finite R[G]-module (M, ρ).
For a linearly complete topological R[G]-module (M, ρ), we set
H
∗(G, (M, ρ)) ≔ lim←−
L∈O(M,ρ)
H∗(G, (M, ρ)/L),
and endow it with the inverse limit topology. We call it the prodiscrete cohomology of
(M, ρ), and regard it as a linearly complete |R|-module. For any profinite R[G]-module
(M, ρ), the action of |R| makes H ∗(G, (M, ρ)) a linearly complete R-module by the ar-
gument in the previous paragraph. In this subsection, we show that the prodiscrete co-
homology has an aspect of the cohomology of a derived functor reflecting the topology
of R. We remark that a derived functor usually does not possess information of topolo-
gies. For example, the category of topological R[G]-modules and continuous R-linear
G-equivariant homomorphisms does not necessarily admit a structure of an Abelian cat-
egory, and hence one should forget topologies in order to consider a derived functor.
Lemma 2.1. Let (M, ρ) be a first countable linearly complete R[G]-module. Then the
natural |R|-linear homomorphism
Hi(G, (M, ρ)) → H i(G, (M, ρ))
is surjective for any i ∈ N.
Proof. Let c = (cL)L∈O(M,ρ) ∈ H i(G, (M, ρ)). Since M is first countable, there is a de-
creasing sequence (Lr)∞r=0 in O(M,ρ) such that {Lr | r ∈ N} forms a fundamental system of
neighbourhoods of 0. For each r ∈ N, take an i-cocycle c˜Lr ∈ Zi(G, (M, ρ)/Lr) represent-
ing cLr . We construct an inverse system (c˜′Lr )∞r=0 of i-cocycles c˜′Lr ∈ Zi(G, (M, ρ)/Lr) rep-
resenting cLr for any r ∈ N. If i = 0, then we have Zi(G, (M, ρ/Lr)) = Γ(G, (M, ρ)/Lr) 
Hi(G, (M, ρ)/Lr) for any r ∈ N, and hence (c˜′Lr )∞r=0 ≔ (c˜Lr )∞r=0 is an inverse system. Sup-
pose i > 0. Put c˜′L0 ≔ c˜L0 . Assume that a compatible system (c˜′Lr )
r0
r=0 of representatives
of (cLr)r0r=0is taken for an r0 ∈ N. Since the image of c˜Lr0+1 in Zi(G, (M, ρ)/Lr0) represents
cLr0 , there is a set-theoretical map br0 : G
i−1 → M/Lr0 which associates the i-coboundary
∂br0 ∈ Bi(G, (M, ρ)Lr0 ) given as the difference of c˜′Lr0 and the image of c˜Lr0+1 . Take a
set-theoretical lift b′
r0+1 : G
i−1 → M/Lr0+1, and denote by ∂b′r0+1 ∈ B
i(G, (M, ρ)/Lr0+1) the
i-coboundary associated to b′
r0+1. We set c˜
′
Lr0+1
≔ c˜Lr0+1 + ∂b
′
r0+1 ∈ Z
i(G, (M, ρ)/Lr0+1).
Then the image of c˜′Lr0+1 in Z
i(G, (M, ρ)/Lr0) coincides with c˜′Lr0 , and hence (c˜
′
Lr )
r0+1
r=0 is a
compatible system of representatives of (cLr)r0+1r=0 . By induction on r0, we obtain an in-
verse system (c˜′Lr )∞r=0 of representatives of (cLr)∞r=0. Since (M, ρ) is linearly complete and
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{Lr | r ∈ N} is cofinal in O(M,ρ), the R-linear G-equivariant homomorphism
ι : (M, ρ) → lim←−
r∈N
(M, ρ)/Lr
m 7→ (m + Lr)∞r=0
is a homeomorphic isomorphism. Let c˜ : Gi → M denote the composite of the set-
theoretical map
Gi → lim←−
r∈N
(M, ρ)/Lr
(g j)ij=1 7→
(
c˜′Lr ((g j)ij=1)
)
and ι−1. Since M is Hausdorff, we have ⋂∞r=0 Lr = {0}, and hence the cocycle conditions
for ˜c′Lr for each r ∈ N ensures the cocycle condition for c˜. Forgetting the topology of the
target M of c˜, we regard c˜ as an element of Zi(G, |(M, ρ)|). By the construction of c˜, the
image of its cohomology class coincides with c. 
Lemma 2.2. Suppose that the underlying monoid of G is finitely generated. Let (M, ρ)
be a first countable profinite R[G]-module. Then the natural |R|-linear homomorphism
Hi(G, (M, ρ)) → H i(G, (M, ρ))
is an isomorphism for any i ∈ N.
Proof. By Lemma 2.1, it suffices to verify the injectivity of the given homomorphism.
Let c ∈ Hi(G, (M, ρ)) be an element of the kernel of the given homomorphism. If i = 0,
then c ∈ Hi(G, (M, ρ))  |(M, ρ)|G ⊂ |M|, and since the image of c in Hi(G, (M, ρ)/L) 
Γ(G, (M, ρ)/L) ⊂ M/L is 0 for any L ∈ O(M,ρ), we have c ∈ ⋂L∈O(M,ρ) L = {0}. Suppose
i > 0. Take a representative c˜ ∈ Zi(G, |(M, ρ)|). Put
Z ≔ lim←−
L∈O(M,ρ)
Zi(G, (M, ρ)/L)
B ≔ lim←−
L∈O(M,ρ)
Bi(G, (M, ρ)/L).
Since the image of c in H i(G, (M, ρ)) is 0, the image of c˜ in Z lies in the image of B. Let
S ⊂ G be a finite set of generators. The evaluation map
Zi(G, |(M, ρ)|) → MS i
c′ 7→ (c′(s1, . . . , si))(s1 ,...,si)∈S i
is injective by the cocycle condition. We endow MS i and MGi−1 with the direct prod-
uct topology. They are compact and Hausdorff by Tychonoff’s theorem, because M is
profinite. Since the cocycle condition is given by equalities, the continuity of ρ and the
addition M × M → M ensures that the image of Zi(G, |(M, ρ)|) is closed in MS i , and
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hence Zi(G, |(M, ρ)|) is compact and Hausdorff with respect to the relative topology. The
continuity of ρ, the addition M × M → M, and the additive inverse M × M : m 7→ −m
ensures that the map ∂ : MGi−1 → Zi(G, |(M, ρ)|) associating coboundaries is continuous,
and hence its image Bi(G, |(M, ρ)|) is closed. Since M is profinite, the R-linear homomor-
phism
MS i → N ≔ lim←−
L∈O(M,ρ)
(M/L)S i 
 lim←−
L∈O(M,ρ)
(M/L)

S i
(ms)s∈S i 7→ ((ms + L)s∈S i)L∈O(M,ρ)
is a homeomorphic isomorphism. By the definition of an i-coboundary, the image of
Bi(G, |(M, ρ)|) in Zi(G, (M, ρ)/L) coincides with Bi(G, (M, ρ)/L) for any L ∈ O(M,ρ). Re-
garding Zi(G, (M, ρ)/L) as a R-submodule of the finite R-module (M/L)S i by a similar
evaluation map for each L ∈ O(M,ρ), we identify B as a closed R-submodule of N. By the
definition of the inverse limit topology, the image of Bi(G, |(M, ρ)|) is dense in B. Since
Bi(G, |(M, ρ)|) is compact and N is Hausdorff, the image of Bi(G, |(M, ρ)|) in N is closed,
and hence coincides with B. It implies that c˜ belongs to Bi(G, |(M, ρ)|), because the image
of c˜ in N lies in B. Thus c = 0. 
We remark that a group is finitely generated if and only if its underlying monoid is
finitely generated. Indeed, for a set S of generators of a group, the underlying monoid of
the group is generated by S ∪ S −1 ≔ {gσ | (g, σ) ∈ S × {−1, 1}}. Therefore Lemma 2.2
is valid also for a finitely generated group. Through the isomorphism in Lemma 2.2, we
equip the source with the pull-back of the topology of the target instead of the discrete
topology. The induced topology coincides with the quotient topology of the space of
cocycles defined in the proof of Lemma 2.2. Since R acts continuously on the target, we
regard the source as a profinite R-module.
Lemma 2.3. Suppose that the underlying monoid of G is a finitely generated free group.
Let (M, ρ) be a first countable profinite R[G]-module. Then the equality H i(G, (M, ρ)) =
0 holds for any i ∈ N ∩ [2,∞).
Proof. By Lemma 2.1, it suffices to verify Hi(G, (M, ρ)) = 0 for any i ∈ N ∩ [2,∞).
By the definition of the group cohomology, it suffices to verify the equality in the case
where R is discrete. Since the underlying monoid of G is a finitely generated free group,
it is isomorphic to the fundamental group of a based connected 1-dimensional finite CW-
complex C of the form S1 ∨ · · · ∨ S1. Therefore there is an equivalence between the
category of discrete R[G]-modules and R-linear G-equivariant homomorphisms and the
category of sheaves of R-modules on C and morphisms of sheaves of R-modules. Let F
denote the sheaf of R-modules on C corresponding to the discrete R[G]-module |(M, ρ)|
by the equivalence. We have a natural R-linear isomorphism H∗(G, (M, ρ))  H∗(C,F ).
Since C is a finite CW-complex, it is paracompact, and hence there is a natural R-linear
isomorphism H∗(C,F )  ˇH∗(C,F ). Since C is 1-dimensional CW-complex, it is of
ˇCech-dimension 1. Therefore we obtain ˇHi(C,F ) = 0 for any i ∈ N ∩ [2,∞). Thus the
assertion holds. 
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A complex of topological R-modules (resp. topological R[G]-modules) with continu-
ous R-linear homomorphisms (resp. continuous R-linear G-equivariant homomorphisms)
is said to be an exact sequence if its underlying complex of left |R|-modules with |R|-linear
homomorphisms is exact.
Proposition 2.4. Suppose that the underlying monoid of G is a finitely generated free
group. Let (M1, ρ1), (M2, ρ2), and (M3, ρ3) be first countable profinite R[G]-modules with
an exact sequence
0 → (M1, ρ1) → (M2, ρ2) → (M3, ρ3) → 0
of continuous R-linear G-equivariant homomorphisms. Then it induces an exact se-
quence
0 → H 0(G, (M1, ρ1)) → H 0(G, (M2, ρ2)) → H 0(G, (M3, ρ3))
→ H 1(G, (M1, ρ1)) → H 1(G, (M2, ρ2)) → H 1(G, (M3, ρ3))
→ 0
of linearly complete R-modules with continuous R-linear homomorphisms.
Proof. We have an exact sequence
0 → H0(G, (M1, ρ1)) → H0(G, (M2, ρ2)) → H0(G, (M3, ρ3))
→ H1(G, (M1, ρ1)) → H1(G, (M2, ρ2)) → H1(G, (M3, ρ3))
→ 0
by the cohomology long exact sequence and Lemma 2.3. Therefore the assertion follows
from Lemma 2.2. 
Lemma 2.5. Suppose that R is discrete and the underlying monoid of G is a free group
with a basis E. For a discrete R[G]-module (M, ρ), the evaluation map
Z1(G, (M, ρ)) → ME
c 7→ (c(e))e∈E
is an R-linear isomorphism.
Proof. Put
H ≔
{
ϕ ∈ Aut(M × Z)
∣∣∣∣∣∣ ϕ(m, 0) ∈ M × {0} , ∀m ∈ Mϕ(0, 1) ∈ M × {1}
}
Hom(G, H)ρ ≔ {χ ∈ Hom(G, H) | χ(g)(m, 0) = (ρ(g,m), 0)} .
For each ϕ ∈ H, we denote by cϕ ∈ M the element with ϕ(0, 1) = (cϕ, 1). The map
ι1 : Z1(G, (M, ρ)) → Hom(G, H)ρ
29
c 7→ (g 7→ ((m, n) 7→ (ρ(g,m) + nc(g), n)))
is bijective because it admits an inverse
Hom(G, H)ρ → Z1(G, (M, ρ))
χ 7→
(
g 7→ cχ(g)
)
.
The map
ι2 : Hom(G, H)ρ → HE
χ 7→ (cχ(e))e∈E
is bijective by the universality of a free group. The map
ι3 : HE → ME
(ϕe)e∈E 7→ (cϕe)e∈E
is bijective because it admits an inverse
ME → HE
(ce)e∈E 7→ ((m, n) 7→ (ρ(e,m) + nce, n))e∈E .
The composite ι3 ◦ ι2 ◦ ι1 of bijective maps coincides with the evaluation map in the
assertion. 
For an Abelian category C , we denote by C N the Abelian category of inverse systems
of objects of C indexed by N and compatible systems of morphisms.
Lemma 2.6. Suppose that R is discrete. For any inverse system ((Mr)∞r=0, ϕ•) of discrete
R[G]-modules, the equality Ri lim←− ((Mr)
∞
r=0, ϕ•) = 0 holds for any i ∈ N ∩ [2,∞), where
lim←− is regarded as a left exact functor Mod(R[G])
N → Mod(R[G]).
Proof. Let ((Mr)∞r=0, ϕ•) be an inverse system of discrete R[G]-modules. We denote by
̟r0 :
∏r0+1
r=0 Mr ։
∏r0
r=0 Mr the canonical projection for each r0 ∈ N, and by ̟−1 the
zero homomorphism M0 ։ 0. We define an R-linear G-equivariant homomorphism
ψr0 :
∏r0
r=0 Mr →
∏r0−1
r=0 Mr by setting ψr0
(
(mr)r0r=0
)
≔ (mr − ϕr(mr+1))r0−1r=0 for each r0 ∈ N
and (mr)r0r=0 ∈
∏r0
r=0 Mr. Then the system ψ• = (ψr)∞r=0 is a morphism
 r0∏
r=0
Mr

∞
r0=0
, ̟•
→

r0−1∏
r=0
Mr

∞
r0=0
, ̟•−1

in Mod(R[G])N. Indeed, for any r0 ∈ N and (mr)r0+1r=0 ∈
∏r0+1
r=0 Mr, we have
(̟r0 ◦ ψr0+1)((mr)r0+1r=0 ) = ̟r0((mr − ϕr(mr+1))r0r=0) = (mr − ϕr(mr+1))r0−1r=0
= ψr0((mr)r0r=0) = (ψr0 ◦̟r0)((mr)r0+1r=0 ).
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By the definition of the inverse limit, we obtain an exact sequence
0 → lim←−
((Mr)∞r=0, ϕ•)→ ∞∏
r=0
Mr
lim←−ψ•−−−−→
∞∏
r=0
Mr
of discrete R[G]-modules through natural R-linear G-equivariant isomorphisms
∞∏
r=0
Mr  lim←−

 r0∏
r=0
Mi

∞
r0=0
, ̟•

∞∏
r=0
Mr  lim←−

r0−1∏
r=0
Mi

∞
r0=0
, ̟•
 .
We denote by lim←−
1((Mr)∞r=0, ϕ•) the cokernel of the right arrow of the exact sequence.
This construction gives a functor lim←−
1 : Mod(R[G])N → Mod(R[G]). The system
lim←−
• =
(
lim←−
i
)∞
i=0
≔
(
lim←− , lim←−
1, 0, . . .
)
is a cohomological functor with respect to a natural connecting homomorphism. We
verify that lim←−
• is a right derived functor of lim←− .
We identify Mod(Z) with Mod(Z[{1}]), and also consider lim←−
1 : Mod(Z)N → Mod(Z).
Let F and FN denote the forgetful functors Mod(R[G]) → Mod(Z) and Mod(R[G])N →
Mod(Z)N respectively. By the exactness of F and by the definitions of lim←−
•
, we have
natural equivalences F ◦ lim←−
i
 lim←−
i ◦FN for each i ∈ N. In the case where R = Z and
G = {1}, then it is well-known that lim←−
• is a right derived functor of lim←− . In order to verify
that lim←−
• is a right derived functor of lim←− in a general case, it suffices to verify that it is a
universal effacable functor. Let I be an injective object of Mod(R[G])N. By [Jan88] 1.1
Proposition b), I is isomorphic to ((∏r0
r=0 Mr)∞r0=0, ̟•) for some inverse system (Mr)∞r=0 of
injective objects in Mod(R[G]) whose transition maps are 0. Therefore we have
F
(
lim←−
1I
)
 lim←−
1(F(I))  R1 lim←− (F
N(I))  R1 lim←−

 r0∏
r=0
F(Mr)

∞
r0=0
, ̟•
 = 0
because ((∏r0
r=0 F(Mr))∞r0=0, ̟•) is an inverse system of Abelian groups satisfying the
Mittag–Leffler condition. We obtain lim←−
i I = 0 for any i ∈ N\{0}. Thus lim←−
• is a universal
effacable functor, and hence is a right derived functor of lim←− . We conclude that R
i lim←− = 0for any i ∈ N ∩ [2,∞), and the assertion holds. 
Theorem 2.7. Let R be a commutative topological ring, G a finitely generated free group
endowed with the discrete topology, (M, ρ) a first countable profinite R[G]-module, and
(Li)∞i=0 a countable decreasing sequence of open R[G]-submodules of (M, ρ) such that
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{Lr | r ∈ N} forms a fundamental system of neighbourhoods of 0. Then there exists a
natural |R|-linear isomorphism
H
∗(G, (M, ρ))  R∗
(
H0(G, ·) ◦ lim←−
) ((|(M, ρ)/Lr|)∞r=0) ,
where lim←− is regarded as the left exact functor Mod(|R|[G])
N → Mod(|R|[G]).
Proof. Let i ∈ N. We construct an R-linear isomorphism
H
i(G, (M, ρ))  Ri
(
H0(G, ·) ◦ lim←−
) ((|(M, ρ)/Lr |)∞r=0) .
When i = 0, then the assertion follows from the linear completeness of (M, ρ). Suppose
i > 0. By [Jan88] 1.1 Proposition b), lim←− sends injective objects to a direct product ofinjective objects, which is acyclic with respect to Γ(G, ·). Therefore we have a spectral
sequence
Es,t2 ≔ H
s
(
G,Rt lim←− (|(M, ρ)/Lr|)
∞
r=0
)
=⇒ Rs+t
(
H0(G, ·) ◦ lim←−
) ((|(M, ρ)/Lr|)∞r=0) .
Since (|(M, ρ)/Lr|)∞r=0 is a surjective system, it satisfies the Mittag–Leffler condition, and
hence
R1 lim←− (|(M, ρ)/Lr|)
∞
r=0 = 0
by a similar argument with that in the proof of Lemma 2.6 with the forgetful functor
Mod(|R|[G]) → Mod(Z). Together with Lemma 2.3 and Lemma 2.6, we obtain Es,t2 = 0
for any (s, t) ∈ N × N with s ≥ 2 or t ≥ 1. In particular, when i ≥ 2, then we have
Ri
(
H0(G, ·) ◦ lim←−
) ((|(M, ρ)/Lr|)∞r=0) = 0
and hence we obtain an |R|-linear isomorphism by Lemma 2.3. Suppose i = 1. We have
Ri
(
H0(G, ·) ◦ lim←−
) ((|(M, ρ)/Lr|)∞r=0)  E1,02 = H1 (G, lim←− (|(M, ρ)/Ir|))
 H1(G, |(M, ρ)|) = H1(G, (M, ρ))  H 1(G, (M, ρ))
by the linear completeness of (M, ρ) and Lemma 2.2. 
Thus H ∗(G, ·) is the cohomology of a derived functor together with a topology and
a continuous action of R.
2.2 Profinite Zp-Sheaves on Modular Curves
In this subsection, we introduce the notion of a profinite R-sheaf on a modular curve in
order to construct a profinite Galois representation endowed with a compatible action of
Hecke operators. Let R be a commutative topological ring R and G a topological monoid.
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Definition 2.8. Let S be a Noetherian scheme. A profinite R-sheaf on S is an inverse
system of sheaves on S e´t of finite R-modules. For a profinite R-sheaf F = (Fλ)λ∈Λ on S ,
we set
H
∗
et (S ,F ) ≔ lim←−
λ∈Λ
H∗et (S ,Fλ) ,
and endow it with the inverse limit topology of the discrete topologies. We call it the
prodiscrete cohomology of F .
Remark 2.9. Let S be a proper algebraic variety over a separably closed field, and F a
smooth Zp-sheaf on S e´t. Then F is represented by a profinite Zp-sheaf (Fr)r∈N such that
Fr is a finite Abelian sheaf of (Z/prZ)-modules over S e´t and the transition morphism
induces an isomorphism (Z/prZ) ⊗Z/pr+1Z Fr+1  Fr by definition. By the finiteness of
the e´tale cohomology in [Mil80] Corollary VI.2.8 and [Mil13] Remark 17.9, there is a
natural Zp-linear isomorphism
H
∗
et (S , (Fr)r∈N)  H∗e´t(S ,F ),
and hence the prodiscrete cohomology can be computed as the ordinary e´tale cohomol-
ogy. The same holds for the case where S is not proper but the cohomology of Fr is a
finite group for each r ∈ N by the vanishing of R1 lim←− .
We give an explicit construction of a profinite R-sheaf with no use of a fundamental
group. Suppose that G is a discrete finite group. Let Y1 be a Noetherian scheme with
a G-torsor Y ։ Y1, where G acts on Y from the right. Let (M, ρ) be a finite R[G]-
module M. For a scheme X and a set I, we denote by X × I the disjoint union of copies
of X indexed by I. We consider the right action of G on M given by setting mg :=
ρ(g−1,m) for each (m, g) ∈ M × G. We endow Y × M with the right diagonal action of
G over Y1. We consider the right action of G × G on Y given by the first projection,
on G given by setting g(g1, g2) := g−11 gg2 for each (g, (g1, g2)) ∈ G × (G × G), and on
G × M × M given by setting (g,m1,m2)(g1, g2) := (g−11 gg2, ρ(g−11 ,m1), ρ(g−12 ,m)) for each
((g,m1,m2), (g1, g2)) ∈ (G × M × M) × (G × G). We endow Y ×G and Y × (G × M × M)
with the right diagonal action of G × G over Y1. Since Y ։ Y1 is a G-torsor, we have
(G × G)-equivariant isomorphisms
Y ×Y1 Y  Y × G
(Y × M) ×Y1 (Y × M)  Y × (G × M × M)
over Y1. We obtain
(G\(Y × M)) ×Y1 (G\(Y × M))  (G ×G)\((Y × M) ×Y1 (Y × M))
 (G ×G)\(Y × (G × M × M))
The map G× M × M → M : (g,m1,m2) 7→ m1 + ρ(g,m2) defines a morphism (Y × M)×Y1
(Y×M)  Y×(G×M×M) → Y×M, and induces an addition on G\(Y×M) over Y1. The
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map M×R → M 7→ (m, r) 7→ rm defines a G-equivariant morphism Y×(M×R) → Y×M,
and induces a scalar multiplication (G\(Y × M)) × R → G\(Y × M) compatible with the
addition. We put ((M, ρ))Y1 := G\(Y × M). Then ((M, ρ))Y1 is finite e´tale over Y1, and we
regard it as a locally constant e´tale sheaf of finite R-modules on Y1. In particular, when
G acts trivially on M, then (M)Y1 := ((M, ρ))Y1 is a constant sheaf independent of (G, ρ)
and Y ։ Y1.
Suppose that G is a profinite group. Let N be a coinitial subset of the set of open
normal subgroups of G containing G ∈ N . Let (YH)H∈N be a projective system of
Noetherian schemes satisfying the following axiom:
(i) For each H ∈ N , a right action of G/H on YH is given.
(ii) Every transitive morphism is G-equivariant.
(iii) For any H ∈ N , YH forms a (G/H)-torsor over Y1 := YG.
Let (M, ρ) be a profinite R[G]-module M. We denote by O(M,ρ) the set of open R[G]-
submodules of (M, ρ). For each L ∈ O(M,ρ), we put HL := {g ∈ G | ρ(g,m) − m ∈
L, ∀m ∈ M} ∈ N . For each L ∈ O(M,ρ) and H ∈ N with H ⊂ HL, we have a functorial
construction of a locally constant e´tale sheaf ((M, ρ)/L)Y1 of finite R-modules over Y1
given by the (G/H)-torsor YH ։ Y1, which is independent of the choice of H because
YH ։ YHL is an (HL/H)-torsor. We obtain a well-defined profinite R-sheaf ((M, ρ))Y1 :=
(((M, ρ)/L)Y1)L∈O(M,ρ) on Y1.
We give an example of a tower (YH)H∈N satisfying the axiom above. Henceforth, we
fix an algebraic closure Q of Q and an embedding ι0,∞ : Q ֒→ C. For each N ∈ N, we put
Γ1(N) ≔
(
1 + NZ Z
NZ 1 + NZ
)
∩ SL2(Z)
Γ(N) ≔
(
1 + NZ NZ
NZ 1 + NZ
)
∩ SL2(Z) = ker (Γ1(N) ։ SL2(Z/NZ)) .
For each N ∈ N with N ≥ 5 (resp. N ≥ 3), we denote by Y1(N) (resp. Y(N)) the modular
curve of level Γ1(N) ⊂ SL2(Z) (resp. Γ(N) ⊂ SL2(Z)), i.e. a moduli of pairs (E, β) of
an elliptic curve E and a projection β : E[N] ։ (Z/NZ) between group schemes (resp.
a moduli space of pairs (E, (α1, α2)) of an elliptic curve E and a (Z/NZ)-linear basis
(α1, α2) of E[N]). For each N ∈ N ∩ [5,∞), we remark that for an elliptic curve E,
giving a projection β : E[N] ։ (Z/NZ) between group schemes is equivalent to giving a
closed immersion ι : Gm[N] ֒→ E[N] between group schemes through the Weil pairing
〈·, ·〉N : E[N] × E[N] → Gm[N] ([Sil86] III 8), and emphasis that this formulation of
Y1(N) is the one dealt with in [Gro90] Proposition 2.1 and [KM85] 4.8, and is distinct
from the usual one in [KM85] 3.2 unless the base field is extended to Q[XN]/(PN(XN)),
where PN(XN) ∈ Q[XN] is the N-th cyclotomic polynomial. For each N ∈ N ∩ [3,∞), we
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have a right action
(E, (α1, α2))
(
a b
c d
)op
≔ (E, (aα1 + cα2, bα1 + dα2))
of GL2(Z/NZ) on Y(N). We recall that Y1(N) (resp. Y(N)) is an algebraic curve defined
over Spec(Q) (resp. Spec(Q[XN]/(PN(XN)))), and the analytification of the base change
of Y1(N) (resp. Y(N)) by Spec(C) → Spec(Q) (resp. Spec(C) → Spec(Q[XN]/(PN(XN)))
given by Q[XN]/(PN(XN)) ֒→ C : XN 7→ exp(2N−1π
√ − 1)) is biholomorphic to the quo-
tient Γ1(N)\H (resp. the quotient Γ(N)\H) of H with respect to the action of Γ1(N) (resp.
Γ(N)) given in Example 1.28. The moduli interpretations ensure that there is a natural
finite surjective e´tale morphism
Y(N) → Y1(N)
(E, (α1, α2)) 7→ (E, βα1,α2 : a1α1 + a2α2 7→ a2)
for each N ∈ N ∩ [5,∞), and that there are natural finite surjective e´tale morphisms
Y1(nN) → Y1(N)
(E, β) 7→ (E, β + NZ : α 7→ β(α) + NZ)
resp. Y(nN) → Y(N) ×Q[XN ]/(PN (XN )) Q[XnN]/(PnN(XnN))
(E, α1, α2) 7→ (E, nα1, nα2)
for each n, N ∈ N with n ≥ 1 and N ≥ 5 (resp. and N ≥ 3) for which (Y1(N))N∈N∩[5,∞)
(resp. (Y(N))N∈N∩[3,∞)) is a compatible system. The natural morphisms Y(N) → Y1(N) for
each N ∈ N∩ [5,∞) gives a morphism (Y(N))N∈N∩[5,∞) → (Y1(N))N∈N∩[5,∞) of compatible
systems.
Henceforth, we fix an N ∈ N ∩ [5,∞). We put
GˆΓe(N) ≔
(
ˆZ ˆZ
N ˆZ 1 + N ˆZ
)
∩ GL2( ˆZ)
ˆΓ1(N) ≔
(
1 + N ˆZ ˆZ
N ˆZ 1 + N ˆZ
)
∩ SL2( ˆZ).
The Galois group of the finite e´tale covering Y(nN) → Y(N) is naturally isomorphic to
the finite group
ker(GL2(Z/nNZ) ։ GL2(Z/NZ))
=
(
1 + N(Z/nNZ) N(Z/nNZ)
N(Z/nNZ) 1 + N(Z/nNZ)
)
∩ GL2(Z/nNZ),
and the composite Y(nN) → Y(N) → Y1(N) ×Q Q[XN]/(PN(XN)) → Y1(N) corresponds
to the group
GΓe(N, n) ≔
(
Z/nNZ Z/nNZ
N(Z/nNZ) 1 + N(Z/nNZ)
)
∩ GL2(Z/nNZ)
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through the right action for each n ∈ N\{0}. We have a natural homeomorphic group
isomorphism GˆΓe(N) → lim←− n∈NGˆΓe(N, n!). Therefore GˆΓe(N) acts from right on the
tower (Y(Nn!))n∈N of torsors over Y1(N) in a desired way. Similarly, ˆΓ1(N) acts from
right on the tower (Y(Nn!)
Q
)n∈N of torsors over Y1(N)Q in a desired way.
Example 2.10. Let p be a prime number dividing N, and n ∈ N. Then Symn(Z2p, ρZ2p)
(Example 1.31) is a profinite Zp[M2(Zp)]-module by Proposition 1.23, and in particu-
lar, we regard it as a profinite Zp[GˆΓe(N)]-module through the composite GˆΓe(N) ֒→
M2( ˆZ) ։ M2(Zp). It yields a profinite Zp-sheaf on Y1(N)e´t naturally isomorphic to the
profinite Zp-sheaf
Symn
(
R1(πN)∗(Zp)E1(N)
)
≔
(
Symn
(
R1(πN)∗
(
Z/prZ
)
E1(N)
))∞
r=0
representing a smooth p-adic sheaf. Indeed, let U be a scheme with an e´tale mor-
phism ιU : U → Y1(N). Then HomY1(N)(S , Y(N pr)) is naturally identified with the set
of (Z/N prZ)S -linear bases (α1, α2) of ι∗U E1(N)[N pr] such that (ι∗U E1(N), βprα1,prα2) corre-
sponds to ιU ∈ Hom(S , Y1(N)) for each r ∈ N. Putting
Mr ≔ HomY1(N)(S , Y(N pr)) × Symk−2
(
(Z/N prZ)2, ρ(Z/N prZ)2
)
,
we have a GΓe(N, pr)-equivariant map
Mr → Symk−2
(
Hom
(
H0e´t
(S , ι∗UE1(N)[N pr]) ,Z/N prZ))(α1, α2), k−2∑
i=0
ciT i1T
k−2−i
2
 7→ k−2∑
i=0
ciβ
⊗i
α2,α1
⊗ β⊗k−2−iα1,α2
for each r ∈ N. Through the duality between H 1
e´t (E1(N), (Zp)E1(N)) and the Tate module
of E1(N), it induces a natural identification(
Symk−2
(
Z2p, ρZ2p
))
 Symn
(
R1(πN)∗(Zp)E1(N)
)
of profinite Zp-sheaves on Y1(N)e´t.
For a sheaf F of finite Abelian groups on Y1(N)e´t, we denote by FQ the e´tale sheaf
of finite Abelian groups on Y1(N)Q ≔ Y1(N) ×Q Q obtained as the inverse image of F ,
and put
H∗et
(
Y1(N)Q,F
)
≔ H∗et
(
Y1(N)Q,FQ
)
.
For a profinite R-sheaf F = (Fλ)λ∈Λ on Y1(N), we denote by FQ the profinite R-sheaf
on Y1(N)Q obtained as the inverse system ((Fλ)Q)λ∈Λ, and we put
H
∗
et
(
Y1(N)Q,F
)
≔ H
∗
et
(
Y1(N)Q,FQ
)
.
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For a profinite R[GˆΓe(N)]-module (M, ρ), we have a natural identification((
(M, ρ)
)
Y1(N)
)
Q

(
ResGˆΓe(N)
ˆΓ1(N)
(M, ρ)
)
Y1(N)Q
as profinite R-sheaves on Y1(N)Q.
Proposition 2.11. For any first countable profinite R[GˆΓe(N)]-module (M, ρ), there is a
natural homeomorphic R-linear isomorphism
H
1
et
(
Y1(N)Q,
(
(M, ρ)
)
Y1(N)
)
 H1
(
Γ1(N),ResGˆΓe(N)Γ1(N) (M, ρ)
)
.
Proof. Since Γ1(N) is a fundamental group of the open complex manifold Γ1(N)\H of
dimension 1, it is a finitely generated free group. By Lemma 2.2, we have an isomorphism
H1
(
Γ1(N),ResGˆΓe(N)Γ1(N) (M, ρ)
)
 H
1
(
Γ1(N),ResGˆΓe(N)Γ1(N) (M, ρ)
)
,
which is a homeomorphism by the definition of the topology of the left hand side intro-
duced right after Lemma 2.2. By the definition of H 1, the assertion for the general case
follows from the case where (M, ρ) is a finite R[ ˆΓ1(N)]-module. In this case, the assertion
is well-known by the interpretation as the set of isomorphism classes of torsors. 
Corollary 2.12. For any finite (resp. first countable profinite) R[GˆΓe(N)]-module (M, ρ),
the prodiscrete cohomology
H
1
et
(
Y1(N)Q,
(
(M, ρ)
)
Y1(N)
)
is a finite (resp. first countable profinite) R-module.
Proof. Since Γ1(N) is a finitely generated, Z1(Γ1(N), (M, ρ)) is a finite (resp. first count-
able profinite) R-module, and hence so is H1(Γ1(N), (M, ρ)). The natural homeomorphic
R-linear isomorphism
H
1
et
(
Y1(N)Q,
(
(M, ρ)
)
Y1(N)
)
 H1
(
Γ1(N),ResGˆΓe(N)Γ1(N) (M, ρ)
)
in Proposition 2.11 guarantees that the left hand side is a finite (resp. first countable
profinite) R-module. 
Corollary 2.13. Let p be a prime number dividing N. For any n ∈ N, there is a natural
homeomorphic Zp-linear isomorphism
H
∗ (Y1(N)Q, Symn (R1(πN)∗(Zp)E1(N)))  H ∗ (Γ1(N),ResM2(Zp)Γ1(N) (Symn (Z2p, ρZ2p))) .
Proof. The assertion follows from Lemma 2.2 and Proposition 2.11 by the natural iso-
morphism (
ResM2(Zp)
GˆΓe(N)
(
Symn
(
Z2p, ρZ2p
)))
Y1(N)
 Symn
(
R1(πN)∗(Zp)E1(N)
)
as profinite Zp-sheaf in Example 2.10. 
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2.3 Actions of the Absolute Galois Group and Hecke Operators
Henceforth, we fix a prime number p dividing N. The natural projection ˆZ ։ Zp gives
a continuous monoid homomorphism GˆΓe(N) → Π0(p), and hence we regard a topo-
logical R[Π0(p)]-module as a topological R[GˆΓe(N)]-module. Let (M, ρ) be a profinite
R[Π0(p)]-module, and F the profinite R-sheaf on Y1(N) associated to (M, ρ). If (M, ρ)
is a finite R[GˆΓe(N)]-module, then the action of Gal(Q/Q) on Y1(N)Q gives a continuous
action on the finite Abelian group H∗et(Y1(N)Q,F ) in a functorial way. In general, the
action of Gal(Q/Q) on Y1(N)Q gives a continuous action on H ∗et (Y1(N)Q,F ), because
it is defined as the inverse limit of finite R[Gal(Q/Q)]-modules by R-linear Gal(Q/Q)-
equivariant homomorphisms. The actions of Gal(Q/Q) on prodiscrete cohomologies of
profinite R-sheaves associated to profinite R[Π0(p)]-modules are functorial with respect
to continuous R-linear Π0(p)-equivariant homomorphisms.
Let A ∈ GL2(Qp) satisfying Aι ≔ det(A)A−1 ∈ Π0(p) with the orbit decomposition⊔m
θ=1 Γ1(N)Aθ of the double coset Γ1(N)AΓ1(N) ⊂ GL2(Qp) with respect to the left action
of Γ1(N). For each (γ, θ) ∈ Γ1(N) × (N ∩ [1,m]), we put Aθγ = γθAδ(γ,θ) by a unique
(γθ, δ(γ, θ)) ∈ Γ1(N) × (N ∩ [1,m]). For a 1-cocycle c : Γ1(N) → |(M, ρ)|, we define
Ac : Γ1(N) → |(M, ρ)| by setting
(Ac)(γ) ≔
m∑
θ=1
ρ
(
Aιθ, c(γθ)
) ∈ |M|
for each γ ∈ Γ1(N). Then Ac is a 1-cocycle, and its cohomology class is independent
of the presentation of the double coset decomposition. The action of A induces an R-
linear endomorphism on H1(Γ1(N), (M, ρ)), and we call it the double coset operator as-
sociated to A. For a prime number ℓ, we denote by Tℓ the R-linear endomorphism on
H1(Γ1(N), (M, ρ)) given by the double coset operator associated to
(
1 0
0 ℓ
)
. For each
n ∈ N\{0} with a prime factorisation n = ∏dj=1 ℓs jj , we set Tn ≔ ∏dj=1 T s jℓ j . For each
n ∈ (Z/NZ)×, we denote by 〈n〉 the R-linear endomorphism on H1(Γ1(N), (M, ρ)) given
by the double coset operator associated to a D(n) ∈ SL2(Z) of the form
(
a b
c n
)
with
c ∈ NZ, where n ∈ Z is a representative of n. The operator 〈n〉 is independent of the
choice of D(n) for any n ∈ (Z/NZ)×. As in §1.3, we also call these operators Hecke op-
erators. The actions of Hecke operators on the first cohomology group (and the module
of 1-cocycles if we fix presentations of double coset decompositions) are functorial with
respect to continuous R-linear Π0(p)-equivariant homomorphisms.
Proposition 2.14. For any first countable profinite R[Π0(p)]-module (M, ρ), the natural
homeomorphic R-linear isomorphism
H
1
et
(
Y1(N)Q, (M, ρ)
)
Y1(N)
 H1
(
Γ1(N),ResΠ0(p)Γ1(N)(M, ρ)
)
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in Proposition 2.11 gives an R-linear Gal(Q/Q)-equivariant action of Hecke operators
on the left hand side.
Proof. The prodiscrete cohomologies are defined as the inverse limits of cohomologies
corresponding to a finite R[Π0(p)]-module and a sheaf of finite Abelian p-groups on
Y1(N)e´t associated to it. The isomorphism in the assertion is given as the inverse limit of
isomorphisms between group cohomologies of finite R[Π0(p)]-modules and e´tale coho-
mologies of the associated sheaves of finite Abelian p-groups on Y1(N)e´t. Transition maps
on the right hand is Hecke-equivariant, while those on the left hand side is Gal(Q/Q)-
equivariant. Therefore it suffices to verify the assertion in the case where (M, ρ) is a
finite R[Π0(p)]-module. Imitating [Del69] Proposition 3.18, we compare the action of
Hecke operators on the right hand side with a Gal(Q/Q)-equivariant endomorphisms on
the left hand side induced by a Hecke correspondence. Let ℓ be a prime number. We
deal only with Tℓ. We denote by F the sheaf of finite Abelian groups on Y1(N)e´t asso-
ciated to (M, ρ). The construction of Hecke operators on the prodiscrete cohomology of
F by a Hecke correspondence include the following three steps: First, we define a cor-
respondence as the graph associated to two projections pr1, pr2 : Y1(N, ℓ) ։ Y1(N) from
a curve Y1(N, ℓ) with a moduli interpretation. Secondly, we construct a natural morphism
pr∗1F → pr∗2F , and give a definition of an operator Tℓ acting on the e´tale cohomology of
F . Finally, we verify that the isomorphism in the assertion is Tℓ-equivariant.
Firstly, we set
GˆΓe(N, ℓ) ≔

(
a b
c d
)
∈ GL2( ˆZ)
∣∣∣∣∣∣∣∣∣
b ∈ ℓ ˆZ
c ∈ N ˆZ
d ∈ (1 + N) ˆZ
 .
Let Y1(N, ℓ) denote the algebraic curve over Q obtained as the quotient of the finite e´tale
covering Y(Nℓ) ։ Y1(N) corresponding to the subgroup GˆΓe(N, ℓ) ⊂ GˆΓe(N). Then
Y1(N, ℓ) is a moduli of triads (E, β,C) of an elliptic curve E, a projection β : E[N] ։
(Z/NZ) between group schemes, and a cyclic subgroup C ⊂ E[ℓ] of order ℓ with C ∩
ker(β) = ∅. Let pr1 denote the canonical projection Y1(N, ℓ) ։ Y1(N), which corresponds
to the natural transform (E, β,C) 7→ (E, β) between moduli. As in §2.2, we identify Y1(N)
with the moduli of pairs (E, ι) of an elliptic curve E and a closed immersion ι : Gm[N] ֒→
E[N] between group schemes. Similarly, Y1(N, ℓ) is identified with the moduli of triads
(E, ι,C) of an elliptic curve E, a closed immersion ι : Gm[N] ֒→ E[N] between group
schemes, and a cyclic subgroup C ⊂ E[ℓ] of order ℓ with C ∩ im(ι) = {0}. Then the
projection pr1 is given by the natural transform (E, ι,C) 7→ (E, ι) between moduli. There
is another projection pr2 : Y1(N, ℓ) ։ Y1(N) given by the natural transform (E, ι,C) 7→
(E/C, ι + C) between moduli. For each triad (E, β,C) of an elliptic curve E, a projection
β : E[N] ։ (Z/NZ) between group schemes, and a cyclic subgroup C ⊂ E[ℓ] of order ℓ
with C ∩ ker(β) = {0}, we denote by β/C the projection (E/C)[N] ։ (Z/NZ) between
group schemes determined by the condition that (E/C, β/C) is the image of (E, β,C).
We consider the correspondence pr1 × pr2 : Y1(N, ℓ) → Y1(N) ×Q Y1(N). Before that, we
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calculate the difference of the two embeddings η1, η2 : GˆΓe(N, ℓ) ֒→ GˆΓe(N) induced by
pr1 and pr2. Let n ∈ N\{0}. We consider the finite groups
GΓe(N, ℓ, n) ≔

(
a b
c d
)
∈ GL2(Z/NℓnZ)
∣∣∣∣∣∣∣∣∣
b ∈ ℓZ/NℓnZ
c ∈ N(Z/NℓnZ)
d ∈ 1 + N(Z/NℓnZ)

GΓe(N, 1, n) ≔
{(
a b
c d
)
∈ GL2(Z/NnZ)
∣∣∣∣∣∣ c ∈ N(Z/NnZ)d ∈ 1 + N(Z/NnZ)
}
.
We put Aℓ ≔
(
1 0
0 ℓ
)
∈ GˆΓe(N) . The injective continuous group homomorphism
adAℓ : GˆΓe(N, ℓ) → GˆΓe(N)(
a b
c d
)
7→
(
a ℓ−1b
ℓc d
)
= Aℓ
(
a b
c d
)
A−1ℓ .
induces a well-defined group homomorphism
adAℓ,n : GΓe(N, ℓ, n) → GΓe(N, 1, n)(
a + NℓnZ b + NℓnZ
c + NℓnZ d + NℓnZ
)
7→
(
a + NnZ ℓ−1b + NnZ
ℓc + NnZ d + NnZ
)
.
We recall that the right action of GL2(Z/NℓnZ) (resp. GL2(Z/NnZ)) on Y(Nℓn) (resp.
Y(Nn)) is given by
(E, (α1, α2))
(
a + NℓnZ b + NℓnZ
c + NℓnZ d + NℓnZ
)op
= (E, aα1 + cα2, bα1 + dα2).
The canonical projection Y(Nℓn) ։ Y1(N, ℓ) (resp. Y(Nn) ։ Y1(N)) is given by the
natural transform
(E, (α1, α2)) 7→ (E, βnℓα1,nℓα2 : a1(nℓα1) + a2(nℓα2) 7→ a2, 〈Nnα2〉)
resp. (E, (α1, α2)) 7→ (E, βnℓα1,nℓα2 : a1(nα1) + a2(nα2) 7→ a2)
between moduli, and hence the right action induces an isomorphism
Gal (Y(Nℓn) ։ Y1(N, ℓ))  GΓe(N, ℓ, n)
resp. Gal (Y(Nn) ։ Y1(N))  GΓe(N, 1, n).
The composite of pr2 and the canonical projection Y(Nℓn) ։ Y1(N, ℓ) is given by the
natural transform
(E, (α1, α2)) 7→ (E/〈Nnα2〉, βnℓα1,nℓα2/〈Nnα2〉)
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between moduli, and hence the finite e´tale morphism σn : Y(Nℓn) ։ Y(Nn) given by the
natural transform
(E, (α1, α2)) 7→ (E/〈Nnα2〉, (ℓα1 + 〈Nnα2〉, α2 + 〈Nnα2〉))
between moduli makes the diagram
Y(Nℓn) σn−−−−→ Y(Nn)y y
Y1(N, ℓ)
pr2−−−−→ Y1(N)
commutes. For any
(
a + NℓnZ b + NℓnZ
c + NℓnZ d + NℓnZ
)
∈ GΓe(N, ℓ, n), noting d + ℓZ ∈ (Z/ℓZ)×,
we have an equality
σn
(
(E, (α1, α2))
(
a + NℓnZ b + NℓnZ
c + NℓnZ d + NℓnZ
)op)
= σn ((E, (aα1 + cα2, bα1 + dα2)))
= (E/〈dNnα2〉, ((ℓaα1 + ℓcα2) + 〈dNnα2〉, (bα1 + dα2) + 〈dNnα2〉))
=
(
E/〈Nnα2〉,
(
(a(ℓα1) + (ℓc)α2) + 〈dNnα2〉, (ℓ−1b(ℓα1) + dα2) + 〈dNnα2〉
))
= (E/〈Nnα2〉, (ℓα1 + 〈Nnα2〉, α2 + 〈Nnα2〉))
(
a + NnZ ℓ−1b + NnZ
ℓc + NnZ d + NnZ
)op
= σn((E, (α1, α2))) adAℓ,n
((
a + NℓnZ b + NℓnZ
c + NℓnZ d + NℓnZ
))op
,
and hence the group homomorphism GΓe(N, ℓ, n) → GΓe(N, 1, n) obtained as the com-
posite of the natural isomorphisms Gal(̟)  GΓe(N, ℓ, n) and Gal(Y(Nn) ։ Y1(N)) 
GΓe(N, 1, n) and (σn)∗ : Gal(̟) → Gal(Y(Nn) ։ Y1(N)) coincides with adAℓ,n. As a
consequence, the homeomorphic group isomorphism
σ : lim←−
n∈N
Gal (Y(Nℓn!) ։ Y1(N, ℓ)) ∼→ lim←−
n∈N
Gal(Y(Nn!) ։ Y1(N))
induced by the compatible system ((σn!)∗)n∈N corresponds to the inverse limit of the com-
patible system (adAℓ,n!)n∈N through the natural isomorphisms above, and hence is compat-
ible with adAℓ through the natural homeomorphic isomorphisms
GˆΓe(N, ℓ)  lim←−
n∈N
GˆΓe(N, ℓ, n!)
GˆΓe(N)  lim←−
n∈N
GˆΓe(N, 1, n!).
Secondly, we have natural isomorphisms
pr∗1F  Res
GˆΓe(N)
(GˆΓe(N,ℓ),η1)
(
ResΠ0(p)
GˆΓe(N)(M, ρ)
)
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= ResGˆΓe(N,ℓ)(GˆΓe(N,ℓ),ιN◦η1)
(
ResΠ0(p)
GˆΓe(N,ℓ)(M, ρ)
)
pr∗2F  Res
GˆΓe(N)
(GˆΓe(N,ℓ),η2)
(
ResΠ0(p)
GˆΓe(N)(M, ρ)
)
= ResGˆΓe(N)(GˆΓe(N,ℓ),ιN◦η2)
(
ResΠ0(p)
GˆΓe(N)(M, ρ)
)
= ResGˆΓe(N,ℓ)(GˆΓe(N,ℓ),ιN◦η1)
(
ResGˆΓe(N)(GˆΓe(N,ℓ),adAℓ )
(
ResΠ0(p)
GˆΓe(N)(M, ρ)
))
.
By the functoriality of the correspondence (M, ρ)  (ResGˆΓe(N,ℓ)(GˆΓe(N,ℓ),ιN◦η1)(M, ρ))Y1(N,ℓ), the
R-linear GˆΓe(N, ℓ)-equivariant homomorphism
ϕ : ResGˆΓe(N)(GˆΓe(N,ℓ),adAℓ )
(
ResΠ0(p)
GˆΓe(N)(M, ρ)
)
→ ResΠ0(p)
GˆΓe(N,ℓ)(M, ρ)
m 7→ ρ(Aιℓ,m)
induces a morphism ϕ : pr∗2F → pr∗1F . We define an R-linear endomorphism Tℓ on
H 1et (Y1(N)Q,F ) as the composite
H
1
et
(
Y1(N)Q,F
) pr∗2−→ H 1et (Y1(N, ℓ)Q, pr∗2F ) H 1et
(
ϕ
)
−−−−→ H 1et
(
Y1(N, ℓ)Q, pr∗1F
)
(pr1)∗−−−→ H 1et
(
Y1(N)Q,F
)
,
where (pr1)∗ is the trace map associated to the finite Galois covering pr1.
Finally, we verify that the isomorphism in the assertion is Tℓ-equivariant. Put
Γ1(N, ℓ) ≔
(
1 + NZ ℓZ
NZ 1 + NZ
)
∩ SL2(Z) = Γ1(N) ∩ A−1ℓ Γ1(N)Aℓ ⊂ SL2(Q).
Take a presentation Γ1(N)AℓΓ1(N) = ⊔mθ=1 Γ1(N)gθ of the right coset decomposition. We
have
Γ1(N)/Γ1(N, ℓ) =
m⊔
θ=1
(g−1θ Aℓ)Γ1(N, ℓ).
For each γ ∈ Γ1(N) and θ ∈ N ∩ [1,m], let δγ,θ ∈ N ∩ [1,m] denote a unique integer with
gθγ ∈ Γ1(N)gδ(γ,θ), and put γθ ≔ gθγg−1δ(γ,θ) ∈ Γ1(N). The trace map (pr1)∗ corresponds to
the R-linear homomorphism
Tr: H1
(
Γ1(N, ℓ),ResΓ1(N)Γ1(N,ℓ)
(
ResΠ0(p)
Γ1(N)(M, ρ)
))
→ H1
(
Γ1(N),ResΠ0(p)Γ1(N)(M, ρ)
)
sending the cohomology class of a 1-cocycle
c : Γ1(N, ℓ) → ResΓ1(N)Γ1(N,ℓ)(Res
Π0(p)
Γ1(N)(M, ρ)))
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to the cohomology class of the 1-cocycle
Tr(c) : Γ1(N) → ResΠ0(p)Γ1(N)(M, ρ)
γ 7→
m∑
θ=1
ρ
(
g−1θ Aℓ, c
(
ad−1Aℓ (γθ)
))
.
Therefore the endomorphism on H1(Γ1(N),ResΠ0(p)Γ1(N)(M, ρ)) induced by the action of Tℓ on
H 1et (Y1(N)Q,F ) through the isomorphism in the assertion sends the cohomology class of
a 1-cocycle c : Γ1(N) → ResΠ0(p)Γ1(N)(M, ρ) to a 1-cocycle c′ : Γ1(N) → Res
Π0(p)
Γ1(N)(M, ρ) given
by setting
c′(γ) ≔ Tr (ϕ ◦ c ◦ adAℓ) (γ) = m∑
θ=1
ρ
(
g−1θ Aℓ,
(
ϕ ◦ c ◦ adAℓ
) (
ad−1Aℓ (γθ)
))
=
m∑
θ=1
ρ
(
g−1θ Aℓ, ρ
(
Aιℓ, c
(
adAℓ
(
ad−1Aℓ (γθ)
))))
=
m∑
θ=1
ρ
(
g−1θ AℓAιℓ, c(γθ)
)
=
m∑
θ=1
ρ
(
ℓg−1θ , c(γθ))
)
=
m∑
θ=1
ρ
(
gιθ, c(γθ))
)
= Tℓ(c)(γ)
for each γ ∈ Γ1(N). Thus the isomorphism in the assertion is Tℓ-equivariant. 
3 Interpolation of ´Etale Cohomologies
Henceforth, we only consider the case p , 2. In this section, we interpolate the family
(Symk−2(Z2p, ρZ2p))∞k=2 along weights k ≥ 2. Their scalar extensions by Qp are irreducible
Qp-linear representations of Π0(p) of pairwise distinct dimensions. In order to compare
them with each other, we construct infinite dimensional extensions of them, which share
the underlying topological Zp-module ZNp .
3.1 Interpolation along the Weight Spaces
We construct a profinite Zp[Π0(p)]-module interpolating profinite Zp[Π0(p)]-modules
(Symn(Z2p, ρZ2p))∞n=0 along weights n + 2 ∈ N. As is dealt with in §2.3, an action of
Π0(p) plays an important role for a geometric construction of a family of Galois repre-
sentations. To begin with, we extend several functions on N to the weight spaces Zp and
W = Homcont(Z×p ,Z×p). For each (n,m) ∈ Zp × N, we set(
n
m
)
≔
1
m!
m−1∏
h=0
(n − h).
It gives a unique continuous function Zp × N → Qp extending the binomial coefficient
function on the dense subset {(n,m) ∈ N × N | n ≥ m} ⊂ Zp × N. Since the image of the
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dense subset {(n,m) ∈ N × N | n ≥ m} by the binomial coefficient function is N ⊂ Zp,
the extended binomial coefficient gives a continuous function Zp × N → Zp. For any
(d, n) ∈ (1 + pZp) × Zp, we set
dn ≔
∞∑
h=0
(
n
h
)
(d − 1)h.
The infinite sum converges in 1 + pZp, and it gives a unique continuous function (1 +
pZp)×Zp → 1+ pZp extending the restriction (1+ pZ)×N→ 1+ pZ of the exponential
function Q× × Z → Q× : (d, n) 7→ dn. Every n ∈ Zp associates a continuous character
χp,n : Z
×
p → Z×p in the following way. To begin with, we define χp,n|1+pZp : 1 + pZp →
1 + pZp by setting χp,n|1+pZp(d) ≔ dn for each d ∈ 1 + pZp. The infinite sum
d(p) ≔
∞∑
h=0
( (p − 1)−1
h
)
(dp−1 − 1)h
converges in 1 + Zp for any d ∈ Z×p , and the map
(·)(p) : Z×p → 1 + pZp
d 7→ d(p)
is a continuous group homomorphism whose restriction on the subgroup 1 + pZp ⊂ Z×p
is the identity map. We define a continuous character χp,n : Z×p → Z×p as the composite
of (·)(p), χp,n|1+pZp , and the inclusion 1 + pZp ֒→ Z×p . On the other hand, the canonical
isomorphism
Z×p
∼→ F×p × (1 + pZp)
d 7→ (d + pZp, d(p))
gives a well-defined decomposition
(Z/(p − 1)Z) × Zp ∼→ W
(n0 + (p − 1)Z, np) 7→ χn0χp,np−n0
as a group, where we denote by χn ∈ W the continuous character Z×p → Z×p : d 7→ dn for
each n ∈ Z. For each χ ∈ W, we denote by (np(χ), np(χ)) its image in (Z/(p − 1)Z) × Zp.
By definition, we have (np(χp,n), np(χp,n)) = (0, n) for any n ∈ Zp, and (np(χn), np(χn)) =
(n + (p − 1)Z, n) for any n ∈ Z. For each (d, χ) ∈ Z×p × W, we put dχ ≔ χ(d) ∈ Z×p . For
each (χ,m) ∈ W × N, we set (
χ
m
)
≔
(
np(χ)
m
)
∈ Zp.
It gives a unique continuous function W × N → Zp extending the binomial coefficient
function on the dense subset {(n,m) ∈ N × N | n ≥ m} with respect to the embedding
N ֒→ W : n 7→ χn. Henceforth, we often abbreviate χn to n for each n ∈ Z.
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Proposition 3.1. Let χ ∈ W. For any (A, α, i) ∈ Π0(p) × ZNp × N with A =
(
a b
c d
)
and
α = (α j)∞j=0, the infinite sum
ρχ(A, α)i ≔
∞∑
j=0
α j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(np(χ) − m)
 ahbi−h c j−h( j − h)!dχ−i− j+h
converges in Zp, and the map
ρχ : Π0(p) × ZNp → ZNp
(A, α) 7→
(
ρχ(A, α)i
)
i∈N
is continuous.
Proof. Let (A, α, i) ∈ Π0(p) × ZNp × N with A =
(
a b
c d
)
and α = (α j)∞j=0. For any j ∈ N,
we have
max
h ∈ N
0 ≤ h ≤ min{i, j}
∣∣∣∣∣∣ c
j−h
( j − h)!
∣∣∣∣∣∣ = maxh ∈ N
0 ≤ h ≤ min{i, j}
|c| j−h
|p|
∑∞
r=1
⌊ j−h
pr
⌋ ≤ max
h ∈ N
0 ≤ h ≤ min{i, j}
|p|( j−h)
(
1−∑∞
r=1
1
pr
)
= |p|( j−min{i, j})
(
1− 1p−1
) j→∞−→ 0,
where ⌊x⌋ ∈ Z denotes the largest integer which is not larger than x for each x ∈ R, and
hence ∣∣∣∣∣∣∣α j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(np(χ) − m)
 ahbi−h c j−h( j − h)!dχ−i− j+h
∣∣∣∣∣∣∣ j→∞−→ 0.
It implies that ρχ(A, α)i converges in Zp. The continuity of ρχ follows from the conver-
gence of the infinite sum in the definition of ρχ(A, α)i, because of the continuity of each
term of the infinite sum. 
Following the abbreviation of χn to n, we put ρn ≔ ρχn for each n ∈ Z. In order to
verify that the topological space (ZNp , ρχ) with the action of the underlying topological
space of Π0(p) is a profinite Zp[Π0(p)]-module for any χ ∈ W, we compare it with
Symn(Z2p, ρZ2p) for infinitely many n ∈ N.
Lemma 3.2. Let n ∈ N. For each i ∈ N ∩ [0, n], put
en,i ≔
(
n
i
)
T i1T
n−i
2 ∈ Symn
(
Z2p
)
.
Then the map
̟n : (ZNp , ρn) → Symn
(
Z2p, ρZ2p
)
(αi)∞i=0 7→
n∑
i=0
αien,i
is a continuous Zp-linear Π0(p)-equivariant homomorphism.
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For the convention of the symmetric product, see Example 1.31.
Proof. Let (A, α) ∈ Π0(p) × ZNp with A =
(
a b
c d
)
and α = (αi)∞i=0. We have
̟n(ρn(A, α)) = ̟n((ρn(A, α)i)∞i=0) =
n∑
i=0
ρn(A, α)ien,i
=
n∑
i=0
∞∑
j=0
α j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
d=i
(n − d)
 ahbi−h c j−h( j − h)!dn−i− j+h
(
n
i
)
T i1T
n−i
2
=
n∑
i=0
n∑
j=0
α j
min{i, j}∑
h=max{0,i+ j−n}
(
i
h
) 
i+ j−h−1∏
d=i
(n − d)
 ahbi−h c j−h( j − h)!dn−i− j+h
(
n
i
)
T i1T
n−i
2
=
n∑
i=0
n∑
j=0
α j
min{i, j}∑
h=max{0,i+ j−n}
n!
h!(i − h)!( j − h)!(n − i − j + h)!a
hbi−hc j−hdn−i− j+hT i1T n−i2
=
n∑
j=0
α j
(
n
j
) n∑
i=0
min{i, j}∑
h=max{0,i+ j−n}
( j
h
)
(aT1)h(cT2) j−h
(
n − j
i − h
)
(bT1)i−h(dT2)n−i− j+h
=
n∑
j=0
α j
(
n
j
) j∑
h=0
( j
h
)
(aT1)h(cT2) j−h
n− j∑
h′=0
(
n − j
h′
)
(bT1)h′(dT2)n− j−h′
=
n∑
j=0
α j
(
n
j
)
(aT1 + cT2) j(bT1 + dT2)n− j
= Symn
(
ρZ2p
) 
(
a b
c d
)
,
n∑
j=0
α j
(
n
j
)
T j1T
n− j
2
 = Symn (ρZ2p)
A,
n∑
j=0
α jen, j

= Symn
(
ρZ2p
)
(A, ̟n(α)).
Thus ϕn is a Zp-linear Π0(p)-equivariant homomorphism. 
For each n ∈ N, we denote by Symn0(Z2p) ⊂ Symn(Z2p) the image of ̟n. It is a lattice of
Symn(Q2p) with a Zp-linear basis (en,i)ni=0, and is a Zp[Π0(p)]-submodule of Symn(Z2p, ρZ2p).
In fact, it is easily seen that Symn0(Z2p) is a Zp[M2(Zp)]-submodule of Symn(Z2p, ρZ2p), but
we do not use this fact.
Definition 3.3. For each n ∈ N, we put
Ln ≔ Symn
(
Z2p, ρZ2p
)∣∣∣∣ Symn0 (Z2p) .
See Example 1.32 (i) for this convention.
The modified symmetric product Ln has good congruence relation with respect to
n ∈ N as is shown in the following.
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Lemma 3.4. For any (r, n0, n1) ∈ (N\{0})×N×N with n0 ≤ n1 and n1−n0 ∈ pr−1(p−1)Z,
the canonical projection
̟rn1,n0 : Ln1/p
r
։ Ln0/p
r
n1∑
i=0
αien1,i 7→
n0∑
i=0
αien0,i
is a (Z/prZ)-linear Π0(p)-equivariant homomorphism.
Proof. Let ˜̟ rχ,χ′ : (ZNp , ρχ)/pr → (ZNp , ρχ′)/pr denote idZNp /prZNp for each (χ, χ′) ∈ W × W,
and ̟rn : (ZNp , ρn)/pr ։ Ln/pr denote the surjective (Z/prZ)-linear Π0(p)-equivariant
homomorphism induced by ̟n for each n ∈ N. Let (χ, χ′) ∈ W × W with χ − χ′ ∈
pr−1(p − 1)W. For any d ∈ Z×p , we have dχ − dχ
′ ∈ prZp. By the definition of ̟rn1,n0 , we
have ̟rn1,n0 ◦ ̟rn1 = ̟rn0 ◦ ˜̟ rn1,n0 . Since the matrix representation of ρχ with respect to
the canonical topological basis of ZNp is given as a function on χ ∈ W belonging to the
closed Zp-subalgebra of C(W,Zp) generated by polynomials of the functions χ 7→ np(χ)
and χ 7→ χ(d) for each d ∈ Z×p with coefficients in pZp, ˜̟ rn1,n0 is a (Z/prZ)-linear Π0(p)-
equivariant isomorphism. Thus the assertion follows from the surjectivity of ̟rn1 . 
For any (r, n0) ∈ (N\{0}) × N, the family(
Ln0+pr−1(p−1)m/p
r
)∞
m=0
forms an inverse system by the canonical projections (̟rn2 ,n1)n2,n1 . Let χ ∈ W and r ∈ N.
Although we have not verified that the continuous action ρχ of the underlying topological
space of Π0(p) is a continuous action of Π0(p) yet, it is a Zp-linear action, and hence the
convention (ZNp , ρχ)/pr+1 naturally makes sense.
Definition 3.5. For each χ ∈ W, we denote by χ(r) ∈ N the smallest non-negative integer
satisfying χ − χ(r) ∈ pr(p − 1)W.
Let χ ∈ W. Following the convention in the proof of Lemma 3.4, the family(
̟r+1
χ(r)+pr(p−1)m ◦ ˜̟ r+1χ,χ(r)0 +pr(p−1)m
)∞
m=0
is a compatible system of (Z/pr+1Z)-linear Π0(p)-equivariant homomorphisms, and in-
duces a continuous (Z/pr+1Z)-linear Π0(p)-equivariant homomorphism
(ZNp , ρχ)/pr+1 → lim←−
m∈N
(
Lχ(r)+pr(p−1)m/pr+1
)
(αi)∞i=0 7→
(∑χ(r)+pr(p−1)m
i=0 αieχ(r)+pr(p−1)m,i
)∞
m=0
.
It is a homeomorphic isomorphism because the canonical projections give natural identi-
fications
ZNp  lim←−
m∈N
Zn+p
r(p−1)m
p  lim←−
m∈N
Ln+pr(p−1)m
as profinite Zp-modules for any n ∈ N.
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Definition 3.6. Let n ∈ N. We put
Fn/pr ≔
(
Ln/pr
)
Y1(N)
for each r ∈ N, and set
Fn ≔ (Fn/pr)∞r=0 
(
Ln
)
Y1(N)
.
See §2.2 for this convention.
Remark 3.7. Let k0 ∈ N ∩ [2,∞). We consider the action of Hecke operators on the
profinite Zp[Gal(Q/Q)]-module H 1et (Y1(N)Q,Fk0−2). For the definition of Hecke op-
erators, see §2.3. We denote by Te´tk0 ,N ⊂ EndZp(H 1et (Y1(N)Q,Fk0−2)) the commutative
Zp-subalgebra generated by Hecke operators. For each n ∈ Z coprime to N, we put
S n ≔ nk0−2〈n + NZ〉 ∈ Te´tk0 ,N. Since M is a finitely generated Zp-module, Te´tk0,N is finitely
generated as a Zp-module. We endow Te´tk0 ,N with the p-adic topology, and regard it as
a profinite Zp-algebra. The continuous action of Te´tk0,N on H
1
et (Y1(N)Q,Fk0−2) induces a
continuous action of Te´tk0 ,N on H
1
et (Y1(N)Q,Fk0−2)free (Definition 1.26, Example 1.32 (ii)).
We put
H∗et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))
≔ Qp ⊗Zp H ∗et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Zp)E1(N)
))
.
This coincides with the ordinary e´tale cohomology of the smooth Qp-sheaf represented
by Qp ⊗Zp Symk0−2(R1(πN)∗(Zp)E1(N)) by Remark 2.9. By the argument in Example 2.10,
we have a natural identification
Qp ⊗Zp H 1et
(
Y1(N)Q,
(
Symk0−2
(
Zp, ρZ2p
))
Y1(N)
)
 H1et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))
,
as linearly complete Zp[Gal(Q/Q)]-modules with respect to the topologies induced by
the p-adic norm of their natural integral structures for each k ∈ N ∩ [2,∞), and we
equip the right hand side with the action of Hecke operators through the the identifica-
tion. By a similar argument to that in Example 2.10, the Hecke action coincides with
the usual one dealt with in [Gro90] 3.1, 3.11, and 3.13 induced by the automorphism
Y1(N) → Y1(N) : (E, β) 7→ (E, βn) for 〈n〉 with n ∈ (Z/NZ)× and by the morphism
pr∗2R
1(πN)∗(Zp) → pr∗1R1(πN)∗(Zp) associated to the ℓ-isogeny pr∗1E1(N)  E1(N, ℓ) ։
E1(N, ℓ)/C1(N, ℓ)  pr∗2E1(N) over Y1(N, ℓ) (introduced in the proof of Proposition 2.14)
with the universal object (E1(N, ℓ), β1(N, ℓ),C1(M, ℓ)) for Tℓ with a prime number ℓ. Since
the embedding Lk0−2 ֒→ Symk0−2(Z2p, ρZ2p) induces a Qp-linear M2(Zp)-equivariant iso-
morphism
Qp ⊗Zp Lk0−2  Qp ⊗Zp Symk0−2
(
Z2p, ρZ2p
)
 Symk0−2
(
Q2p, ρQ2p
)
,
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the natural Qp-linear Gal(Q/Q)-equivariant homomorphism
Qp ⊗Zp H 1et
(
Y1(N)Q,Fk0−2
)
→ H∗et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))
is an isomorphism by Proposition 2.11. Therefore the Eichler–Shimura isomorphism
([Shi59] 5 The´ore`me 1, [Hid93] 6.3 Theorem 4) and the comparison theorem of coho-
mologies ([SGA4] Expose´ XI The´ore`me 4.4 (iii), [SGA4] Expose´ XVI Corollaire 1.6)
give a homeomorphic Zp-algebra isomorphism (Te´tk0,N)free  Tk0,N preserving Tℓ for each
prime number ℓ and S n for each n ∈ N coprime to N. We regard H 1et (Y1(N)Q,Fk0−2)free
as a topological Tk0,N-module through the isomorphism. It is finitely generated as a Zp-
module, and hence is a profinite Tk0 ,N-module by Proposition 1.23.
Theorem 3.8. For any χ ∈ W, (ZNp , ρχ) is a profinite Zp[Π0(p)]-module.
Proof. By the argument above, we have a homeomorphic Zp-linear Π0(p)-equivariant
isomorphism
(ZNp , ρχ)  lim←−
r∈N
(
(ZNp , ρχ)/pr+1
)
→ lim←−
r∈N
lim←−
m∈N
(
Lχ(r)+pr(p−1)m/pr+1
)
of topological spaces with actions of the underlying topological space ofΠ0(p). Since the
target is a projective limit of finite Zp[Π0(p)]-modules, the source is a profinite Zp[Π0(p)]-
module. 
Corollary 3.9. The equality
min{i, j}∑
m=h
(−1)m−h
(
n − m
i − m
) ( j
m
) (
m
h
)
=
(
n − j
i − h
) ( j
h
)
holds for any (n, i, j, h) ∈ Zp × N × N × N with h ≤ min{i, j}.
Of course, this equality can be obtained in many ways with no use of p-adic repre-
sentations, and hence must be well-known.
Proof. It is easily seen that the assertion is equivalent to the condition that ρn(A0A1, α) =
ρn(A0, ρn(A1, α)) for any (A0, A1, α) ∈ Π0(p)×Π0(p)×ZNp by p-adic Lie algebra theory, p-
adic analysis to Baker–Campbell–Hausdorff formula, and Schneider–Teitelbaum theory.
Thus the assertion follows from Theorem 3.8. 
Remark 3.10. Theorem 3.8 is deeply related to [PS11] 3.3 and 7.1. Robert Pollack and
Glenn Stevens defined a continuous right action of the topological monoid
Σ0(p) ≔
(
Z×p Zp
pZp Zp
)
∩ GL2(Qp)
of non-negative integral weight n on the topological Zp-algebra of distributions on Zp in
[PS11] 3.3, and proved that the closed Zp-subalgebra of distributions with integral mo-
ments, which is canonically homeomorphically isomorphic to Zp[[w]], is stable under the
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action of Σ0(p) in Proposition 7.1. By the canonical topological basis (wh)h∈N of Zp[[w]],
we identify Zp[[w]] with ZNp . The map Π0(p) ∩ GL2(Qp) → Σ0(p)op : A 7→ (Aι)op =
det(A)(A−1)op associating the cofactor matrices is a homeomorphic group isomorphism,
and hence the notion of a right action of Σ0(p) is equivalent to that of a left action of
Π0(p) ∩ GL2(Qp). Therefore we obtain a continuous action ρ′n of Π0(p) ∩ GL2(Qp) of
non-negative integral weight n on ZNp . The homeomorphic Zp-linear Π0(p)-equivariant
isomorphism
(ZNp , ρχ)  lim←−
r∈N
lim←−
m∈N
(
Lχ(r)+pr(p−1)m/pr+1
)
for a χ ∈ W in the proof of Theorem 3.8 ensures that if χ = χn for an n ∈ N, then the
restriction of ρχ on the submonoidΠ0(p)∩GL2(Qp) ⊂ Π0(p) coincides with ρ′n. Thus the
construction of (ZNp , ρχ) is a generalisation of that of (ZNp , ρ′n) in the sense that the former
one deals with a general weight and Π0(p) while the latter one deals with a non-negative
integral weight and Π0(p) ∩ GL2(Qp).
Remark 3.11. We have a geometric construction of (ZNp , ρχ) in the case where χ =
χp,n for an n ∈ Zp. In Example 1.40, we constructed a linearly complete topological
Zp[Π0(p)op]-module (C(Zp,Zp), (m∨p)κ(χ)) using p-adic linear fractional transformations.
We note that mp extends to an action of Π0(p) in an obvious way because diagonal ma-
trices in Π0(p) acts trivially on Zp via mp. Since p-adic linear fractional transforma-
tions and χp,n(cz + d) for any (c, d) ∈ pZp × Z×p are rigid analytic functions on Zp, the
p-adically complete Zp-subalgebra Zp{w} ⊂ C(Zp,Zp) consisting of rigid analytic func-
tions of Gauss norm ≤ 1 is stable under the action of Π0(p)op. The Iwasawa-type dual
([ST02] Theorem 1.2) of the Banach Qp-algebra Qp{w}  Qp ⊗Zp (Zp{w}) is the profinite
Zp-algebra Zp[[w]] of distributions with integral moments. Although the Iwasawa-type
duality for Banach representations of a profinite group ([ST02] Theorem 2.3) does not
extend to duality of Banach unitary representations for a topological monoid in a direct
way, it is easily seen that the continuous action of Π0(p)op on Zp{w} induces a continuous
action ρ′′χp,n of Π0(p) on Zp[[w]], and ρ′′χp,n corresponds to ρχp,n through the identification
Zp[[w]]  ZNp . This gives an alternative proof of Theorem 3.15 for the case where the
weight χ is of the form χp,n for an n ∈ Zp.
Remark 3.12. Let χ ∈ W. We have a natural identification(
ResΠ0(p)
GˆΓe(N)(Z
N
p , ρχ)
)
Y1(N)

(
Fχ(r)+pr(p−1)m/pr+1
)∞
m,r=0
as profinite Zp-sheaves on Y1(N) by Theorem 3.8. When χ = χn for some n ∈ N, then we
have an identification(
ResΠ0(p)
GˆΓe(N)(Z
N
p , ρn)
)
Y1(N)

(
Fn+prm/pr+1
)∞
m,r=0
as profinite Zp-sheaves on Y1(N) by a calculation of the image of GˆΓe(N) → Π0(p). We
do not use this fact in this paper.
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Remark 3.13. Let n ∈ N. As is constructed in Lemma 3.2, there is a canonical projection
̟n : (ZNp , ρn) ։ Ln. Taking the Iwasawa-type dual ([ST02] Theorem 2.3) in Schneider–
Teitelbaum theory, we obtain an exact sequence
0 → Symn(Q2p, ρQ2p) → (C(Zp,Qp), ρ∨n ) → (ker(̟n)∨, (ρn| ker(̟n))∨) → 0
of unitary Banach Qp-linear representations, and (ker(̟n)∨, (ρn| ker(̟n))∨) is an infinite
dimensional irreducible unitary Banach Qp-linear representation. Thus (ZNp , ρn) is an
infinite dimensional extension of Ln by the Iwasawa-type dual of an infinite dimensional
irreducible unitary Banach Qp-linear representation.
Now we interpolate the family (Symk−2(Z2p, ρZ2p))∞k=2 with respect to weights k as ele-
ments of W. We put Λ0 ≔ Zp[[X]]p(p−1). We regard Λ0 as a Zp-submodule of C(W,Zp)
by the embedding
Zp[[X]]p(p−1) ֒→ C(W,Zp)
(Fζ(X))p(p−1)−1ζ=0 7→
(
χ 7→ Fχ(1)(np(χ) − n(1))
)
.
This embedding is an injective continuous homomorphism from a compact module to a
Hausdorff module, and hence is a homeomorphic isomorphism onto the closed image.
For each χ ∈ W, we denote by spχ the continuous surjective Zp-algebra homomorphism
Λ0 ։ Zp
f 7→ f (χ),
and call it a specialisation map. For each χ ∈ W, we regard (ZNp , ρχ−2) as a profinite
Λ0[Π0(p)]-module through spχ.
Since N ∩ [2,∞) is dense in W, the evaluation map
sp ≔
∞∏
k=2
spk : Λ0 ֒→
∞∏
k=2
Zp
f 7→ (spk( f ))∞k=2
is an injective continuous Zp-linear homomorphism between compact Hausdorff mod-
ules, and hence is a homeomorphic isomorphism onto the closed image. In particular, we
regard ΛN0 as a closed Zp-submodule of
∏∞
k=2 Z
N
p by the embedding
spN : ΛN0 ֒→
∞∏
k=2
ZNp
( fi)∞i=0 7→ ((spk( fi))∞i=0)∞k=2.
Through the homeomorphic group isomorphism W  (Z/(p − 1)Z) × Zp, we identify W
as the analytic space given as the disjoint union of p − 1 copies of Zp. As a closed Zp-
subalgebra of C(W,Zp), Λ0 consists of locally analytic functions on Zp whose restrictions
51
on ζ + p(p − 1)W ⊂ ζ + (p − 1)W  Zp are given by single power series in Zp[[X − ζ]]
for any ζ ∈ N ∩ [0, p(p − 1) − 1]. In particular, it contains np and the characteristic
functions 1ζ+p(p−1)W of ζ + p(p − 1)W for each ζ ∈ N ∩ [0, p(p − 1) − 1]. We denote by
z ∈ Λ0 the element corresponding to np, and by eζ ∈ Λ0 the idempotent corresponding
to 1ζ+p(p−1)W for each ζ ∈ N ∩ [0, p(p − 1) − 1]. We put zζ ≔ zeζ ∈ Λ0 for each ζ ∈
N ∩ [0, p(p − 1) − 1]. Identifying eζΛ0 with Λ0/(1 − eζ)Λ0  Zp[[X]], we obtain a
presentation Λ0 =
∏p(p−1)−1
ζ=0 Zp[[zζ − ζ]]. Let (h0, f0) ∈ N × C(W,Zp). We define a map( f0
h0
)
: W → Zp
χ 7→
( f0(χ)
h0
)
.
It is a polynomial function on f0 with coefficients in Qp, and hence is continuous. There-
fore we regard it as an element of C(W,Zp). Let (d, f ) ∈ (1+ pZp)×C(W,Zp). The infinite
sum
d f ≔
∞∑
h=0
( f
h
)
(d − 1)h
converges in 1 + pC(W,Zp) ⊂ C(W,Zp) because d − 1 ∈ pZp. Suppose f ∈ Λ0. We have( f
h
)
(d − 1)h
{
= 1 (h = 0)
∈ pZp[ f ] ⊂ Λ0 (h ≥ 1)
because we have∣∣∣∣∣∣(d − 1)
h
h!
∣∣∣∣∣∣ = |d − 1|h |p|−∑∞r=1
⌊
h
pr
⌋
≤ |p|h−
∑∞
r=1
h
pr = |p|h− hp−1 = |p| h(p−2)p−1
{
= 1 (h = 0)
< 1 (h ≥ 1)
by p , 2. Since Λ0 is closed in C(W,Zp), d f also lies in Λ0. Since the embedding
Λ0 ֒→ C(W,Zp) is a homeomorphism onto the image, the infinite sum in the definition of
d f also converges to d f in Λ0. More concretely, d f lies in the closure of 1+ pZp[ f ] ⊂ Λ0.
By the universality of Iwasawa algebra, the continuous group homomorphism
1 + NZp ֒→ C(W,Zp)×
γ 7→ γz
induces a continuous Zp-algebra homomorphism Zp[[1+NZp]] → C(W,Zp). We remark
that since 1 + NZp is contained in 1 + pZp, we have γz(χ) = γnp(χ) = χ(γ) for any (γ, χ) ∈
(1 + NZp) × W. Through the Amice transform
Zp[[X]]
∼→ Zp[[1 + NZp]]
X 7→ [1 + N] − 1,
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it corresponds to the Zp-algebra homomorphism
Zp[[X]] → C(W,Zp)
X 7→ (1 + N)z − 1,
which is injective by the Weierstrass preparation theorem and the fact that the exponential
function (1 + N)z is a transcendental function. This embedding factors through Λ0 ֒→
C(W,Zp), because Λ0 is closed in C(W,Zp) and the Zp-subalgebra of C(W,Zp) generated
by (1 + N)z ∈ Λ0 is dense in the image of Zp[[1 + NZp]]. We regard Λ0 as a profinite
Zp[[1 + NZp]]-algebra through the embedding by Corollary 1.21.
Proposition 3.14. For any (A, F, i) ∈ Π0(p)×ΛN0 ×N with A =
(
a b
c d
)
and F = (F j)∞j=0,
the infinite sum
ρ•−2(A, F)i ≔
∞∑
j=0
F j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(z − 2 − m)
 ahbi−h c j−h( j − h)!dz−2−i− j+h
converges in Λ0, and the map
ρ•−2 : Π0(p) × ΛN0 → ΛN0
(A, F) 7→ (ρ•−2(A, F)i)i∈N
is continuous.
Proof. Let (A, F, i) ∈ Π0(p) × ΛN0 × N with A =
(
a b
c d
)
and F = (F j)∞j=0. Each term in
the infinite sum in the definition of ρ•−2(A, F)i lies in Λ0 by the argument above. For any
χ ∈ W, we have ∏p−1
m=0(z − np(χ) − m) ∈ pΛ0 + (zp − z)Λ0. The family{
(pΛ0 + (zp − z)Λ0)hΛ0
∣∣∣ h ∈ N}
forms a fundamental system of neighbourhoods of 0, because of the presentation
Λ0 =
p(p−1)−1∏
ζ=0
Zp[[zζ − ζ]]  lim←−
r,h∈N
p(p−1)−1∏
ζ=0
(Z/prZ)[zζ − ζ]/(zζ − ζ)h.
We have
F j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(z − 2 − m)
 ahbi−h c j−h( j − h)!dz−i− j+h
∈

j−1∏
m=i
(z − 2 − m)
Λ0 ⊂
⌊ j−i
p
⌋∑
r=0
pr(zp − z)
⌊ j−i
p
⌋
−r
Λ0 ⊂ (pΛ0 + (zp − z)Λ0)
⌊ j−i
p
⌋
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for any j ∈ Nwith j > i, and hence ρ•−2(A, F)i converges inΛ0 by the linear completeness
of the profinite Zp-algebra Λ0. The continuity of ρ•−2 follows from that of
∞∏
k=2
ρk−2 : Π0(p) ×
∞∏
k=2
ZNp →
∞∏
k=2
ZNp
(A, ((αk,i)∞i=0)∞k=2) 7→ (ρk−2(A, (αk,i)∞i=0))∞k=2,
because ∏∞k=2 ρk−2 ◦ (idΠ0(p) × spN) = spN ◦ ρ•−2. 
Theorem 3.15. The pair (ΛN0 , ρ•−2) is a profinite Λ0[Π0(p)]-module, and the map
(
ΛN0 , ρ•−2
)
→
∞∏
k=2
Lk−2
( fi)∞i=0 7→
 k−2∑
i=0
spk( fi)ek−2,i

∞
k=2
,
is an injective continuous Λ0-linear Π0(p)-equivariant homomorphism.
Proof. The embedding spN : (ΛN0 , ρ•−2) ֒→
∏∞
k=2(ZNp , ρk−2) is an injective continuous Λ0-
linear Π0(p)-equivariant homomorphism onto the closed image by the definition of ρ•−2.
Since its target is a profinite Λ0[Π0(p)]-module, so is the source. Let ι : (ΛN0 , ρ•−2) →∏∞
k=2 Lk−2 denote the map in the assertion. Then ι is a continuous Λ0-linear Π0(p)-
equivariant homomorphism because it is the composite of spN and the canonical projec-
tion
∞∏
k=2
̟k−2 :
∞∏
k=2
ZNp →
∞∏
k=2
Lk−2
((αk,i)∞i=0)∞k=2 7→
(
̟k−2
((αk,i)∞i=0))∞k=2 ,
which is a continuous Λ0-linear Π0(p)-equivariant homomorphism by Lemma 3.2. Let
f = ( fi)∞i=0 ∈ ker(ι). For any i ∈ N, fi : W → Zp is zero on the subset N∩ [i+ 2,∞) which
shares infinitely many points with ζ + p(p − 1)W for each ζ ∈ N ∩ [0, p(p − 1) − 1], and
hence fi = 0 by the identity theorem for rigid analytic functions on ζ + p(p − 1)W  pZp
for each ζ ∈ N ∩ [0, p(p − 1) − 1]. Thus f = 0. We conclude that ι is injective. 
Remark 3.16. The profinite Λ0[Π0(p)]-module (ΛN0 , ρ•−2) also admits a geometric con-
struction using p-adic linear fractional transformations and distributions. We define a
continuous action 1×mp of Π0(p) on Zp×Zp by setting (1×mp)(A, (χ, z)) ≔ (χ,mp(A, z))
for each (A, χ, z) ∈ Π0(p) × W × Zp. Then by Proposition 1.36, we obtain a commutative
linearly complete Zp[Π0(p)]-algebra (C(W × Zp,Zp), (1 × mp)∨). The map
κ : Π0(p)op → C(W × Zp,Zp)(
a b
c d
)op
7→ (χ(cz + d) : (χ0, z0) 7→ χ0(cz0 + d))
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satisfies the condition in Corollary 1.39 with respect to 1 × mp. Therefore we obtain
a linearly complete Zp[Π0(p)op]-module (C(W × Zp,Zp), (1 × mp)∨κ ). Since 1 × mp and
χ(cz + d) for any (c, d) ∈ pZp × Z×p are rigid analytic functions, the p-adically complete
Zp-subalgebra Zp{z,w}p−1 ⊂ C(Zp × Zp,Zp)p−1  C(Z⊔p−1p × Zp,Zp)  C(W × Zp,Zp)
consisting of rigid analytic functions of Gauss norm ≤ 1 is stable under the action of
Π0(p). Similarly, the p-adically complete Zp-subalgebra ∏p(p−1)−1ζ=0 Zp{zζ − ζ,w} ⊂ C(W ×
Zp,Zp) consisting of locally analytic functions whose restriction on the subspace (ζ +
p(p − 1)W) × Zp ⊂ W × Zp is given as the restriction of a rigid analytic function on
W × Zp of Gauss norm ≤ 1 for any ζ ∈ N ∩ [0, p(p − 1) − 1] is stable under the action
of Π0(p). The Iwasawa-type dual of ∏p(p−1)−1ζ=0 Zp{zζ − ζ,w} is naturally identified with∏p(p−1)−1
ζ=0 Zp[[zζ − ζ,w]]  Λ0[[w]]  ΛN0 , and hence (1 × mp)∨κ induces a continuous
action of Π0(p) on ΛN0 . The action coincides with ρ•−2.
For each k ∈ N ∩ [2,∞), we also denote by spk the continuous Zp-algebra homomor-
phism obtained as the composite
Λ0
spk−→ Zp ֒→ Tk,N .
We regard Tk,N as a profinite Λ0-algebra through spk by Corollary 1.21. It is easy to see
that spk : Λ0 → Tk,N is a Zp[[1+NZp]]-algebra homomorphism. We recall that we defined
the structure of Tk,N as a profinite Zp[[1 + NZp]]-algebra in §1.3.
We regard
k0∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
as a profinite T≤k0 ,N-module through the embedding
T≤k0 ,N ֒→
k0∏
k=2
Tk,N ,
and also as a profinite Λ0-module through the evaluation
k0∏
k=2
spk : Λ0 → Zk0−1p ֒→
k0∏
k=2
Tk,N
F 7→ (spk(F))k0k=2.
The actions of T≤k0 ,N and Λ0 give two actions of Zp[[1 + NZp]], and they coincide with
each other. Therefore we regard
k0∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
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as a profinite (T≤k0,N⊗ˆZp[[1+NZp]]Λ0)-module in the way in Example 1.19. Taking the in-
verse limit, we regard
∞∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
as a profinite (Λ0TN)-module.
We denote by ∫
⊞
Zp
Symk−20
(
Z2p
)
dk ⊂
∞∏
k=2
Symk−20 (Z2p)
the image of (ΛN0 , ρ•−2) by the embedding in Theorem 3.15, and put∫
⊞
Zp
Lk−2dk ≔
 ∞∏
k=2
Lk−2

∣∣∣∣∣∣∣

∫
⊞
Zp
Symk−20
(
Z2p
)
dk
 .
It is a profinite Λ0[Π0(p)]-module admitting specialisation maps
spk0 :
∫
⊞
Zp
Lk−2dk ։ Lk0−2
given by the canonical projections for each k0 ∈ N ∩ [2,∞). For a formal symbol H ∈
{H 1,H1}, we denote by ∫
⊞
Zp
H (Γ1(N),Lk−2) dk
the image of the continuous Λ0-linear Hecke-equivariant homomorphism
H
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
) ∏∞
k=2 spk−−−−−→
∞∏
k=2
H (Γ1(N),Lk−2) ,
which is a profinite Λ0-module endowed with an action of Tℓ for each prime number ℓ
and S n for each n ∈ N coprime to N. By Lemma 2.2, we have a natural homeomorphic
Λ0-linear isomorphism∫
⊞
Zp
H∗ (Γ1(N),Lk−2) dk ∼→
∫
⊞
Zp
H
∗ (Γ1(N),Lk−2) dk
because (ΛN0 , ρ•−2) is a first countable profinite Λ0[Π0(p)]-module.
We set ∫
⊞
Zp
Fk−2dk ≔

∫
⊞
Zp
Lk−2dk

Y1(N)
.
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See §2.2 for this convention. We have specialisation maps
H
1
et
(
Y1(N)Q,
∫
⊞
Zp
Fk−2dk
)
spk0−−→ H 1et
(
Y1(N)Q,Fk0−2
)
associated to the specialisation map spk0 for the corresponding topological Λ0[Π0(p)]-
modules for each k0 ∈ N ∩ [2,∞). We denote by∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
dk
the image of the continuous Λ0-linear Gal(Q/Q)-equivariant homomorphism
H
1
et
(
Y1(N)Q,
∫
⊞
Zp
Fk−2dk
) ∏∞
k=2 spk−−−−−→
∞∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)
,
and it is a profinite Λ0[Gal(Q/Q)]-module. By Proposition 2.11, we have a natural home-
omorphic Λ0-linear isomorphism∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
dk 
∫
⊞
Zp
H1 (Γ1(N),Lk−2) dk,
on which the action of Tℓ for each prime number ℓ and S n for each n ∈ N coprime to N on
the right hand side commutes with that of Gal(Q/Q) on the left hand side by Proposition
2.14.
Proposition 3.17. The specialisation map
H
1
et
(
Y1(N)Q,
∫
⊞
Zp
Fk−2dk
)
spk0−−→ H 1et
(
Y1(N)Q,Fk0−2
)
given by the canonical projection is surjective for any k0 ∈ N ∩ [2,∞).
Proof. By the definition of the prodiscrete cohomology and Proposition 2.11, we have
natural homeomorphic Λ0-linear isomorphisms
H
1
et
(
Y1(N)Q,
∫
⊞
Zp
Fk−2dk
)
 H
1
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
)
H
1
et
(
Y1(N)Q,Fk0−2
)
 H
1 (Γ1(N),Lk0−2) .
Therefore the assertion follows from Proposition 2.4. 
For a formal symbol
(Hk)∞k=2 ∈
{(
H
1 (Γ1(N),Lk−2)
)∞
k=2
,
(
H1 (Γ1(N),Lk−2)
)∞
k=2
,
(
H
1
et
(
Y1(N)Q,Fk−2
))∞
k=2
}
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we denote by ∫
⊞
Zp
(Hk)freedk
the image of the composite∫
⊞
Zp
Hkdk ֒→
∞∏
k=2
Hk ։
∞∏
k=2
(Hk)free,
and regard it as a profinite Λ0-module endowed with a continuous action of Tℓ for each
prime number ℓ and S n for each n ∈ N coprime to N when (Hk)∞k=2 is a formal symbol
corresponding to cohomologies of (Lk−2)∞k=2, and with a continuous action of Gal(Q/Q)
when (Hk)∞k=2 is a formal symbol corresponding to cohomologies of (Fk−2)∞k=2. We have
natural homeomorphic Λ0-linear isomorphisms∫
⊞
Zp
H1 (Γ1(N),Lk−2)free dk 
∫
⊞
Zp
H
1 (Γ1(N),Lk−2)free dk

∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk,
such the first isomorphism is Hecke-equivariant, and the action of Tℓ for each prime
number ℓ and S n for each n ∈ N coprime to N commutes with that of Gal(Q/Q).
Theorem 3.18. The action of Tℓ for each prime number ℓ and S n for each n ∈ N coprime
to N induces a well-defined faithful continuous Λ0-linear Gal(Q/Q)-equivariant action
TN ×
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk →
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk
of TN .
Proof. We put
L ≔
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk
M ≔
∞∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
It follows from the natural isomorphism (Te´tk0,N)free → Tk0 ,N that the action of Hecke
operators gives a well-defined faithful action
Tk0,N ×H 1et
(
Y1(N)Q,Fk−2
)
free
→ H 1et
(
Y1(N)Q,Fk−2
)
free
for any k0 ∈ N ∩ [2,∞). Therefore the action of Tℓ for each prime number ℓ and S n for
each n ∈ N coprime to N induces a well-defined faithful action TN × M → M, which is
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continuous by the universality of a direct product, because it is given as the inverse limit
of the continuous actions
T≤k1 ,N ×
k1∏
k0=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
→
k1∏
k0=2
H
1
et
(
Y1(N)Q,Fk−2
)
free
for each k1 ∈ N ∩ [2,∞). Since Tk0 ,N is generated by Hecke operators for any k0 ∈
N ∩ [2,∞), the Zp-subalgebra A ⊂ TN generated by Tℓ for each prime number ℓ and S n
for each n ∈ N coprime to N is dense by the definition of the inverse limit topology.
Therefore for any (T, c) ∈ TN × L, T (c) lies in the closure of the image of L in M. Since
L is compact and M is Hausdorff, T (c) lies in the image of L. Therefore the action
of Tℓ for each prime number ℓ and S n for each n ∈ N coprime to N induces a well-
defined faithful Zp-linear Gal(Q/Q)-equivariant action TN × L → L, which is continuous
because the topology of
∫
⊞
Zp
H 1
e´t (Y1(N)Q,Fk−2dk)Free coincides with the relative topology
of ∏∞k0=2 H 1et (Y1(N)Q,Fk−2)free. 
We put Λ0TN ≔ Λ0⊗ˆZp[[1+NZp]]TN . By the action of TN in Theorem 3.18, we regard∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk
as a profinite Λ0TN[Gal(Q/Q)]-module. It is a huge module, and we cut it by a slope
condition in the next section.
3.2 Restriction to Families of Finite Slope
Let s ∈ N\{0}. We extract the component of slope < s from the huge cohomology dealt
with in the end of §3.1. For conventions of Hecke algebras of finite slope, see §1.3. For
each k0 ∈ N ∩ [2,∞), we set
H
1
et
(
Y1(N)Q,Fk0−2
)<s
≔
(
T<sk0 ,N⊗ˆTk0 ,N H
1
et
(
Y1(N)Q,Fk0−2
))
free
,
where T<sk0 ,N is regarded as a profinite Tk0 ,N[Gal(Q/Q)]-algebra by the trivial action of
Gal(Q/Q). It is a profinite T<sk0,N[Gal(Q/Q)]-modules finitely generated as Zp-modules.
We put Λ0T<sN ≔ Λ0⊗ˆZp[[1+NZp]]T<sN (resp. Λ0T[<s]N ≔ Λ0⊗ˆZp[[1+NZp]]T[<s]N ), and regard it a
profinite Λ0TN-algebra. We denote by∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
the image of the natural continuous homomorphism
Λ0T
<s
N ⊗ˆΛ0TN
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk →
∞∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)<s
,
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and regard it as a profinite Λ0T<sN [Gal(Q/Q)]-module.
Let k0 ∈ N ∩ [2,∞). The truncation maps
τk0 ,− : Λ
N
0 → ΛN0
(Fi)∞i=0 7→ (F0, . . . , Fk0−2, 0, 0 . . .)
and
τk0 ,+ : Λ
N
0 → ΛN0
(Fi)∞i=0 7→ (0, . . . , 0, Fk0−1, Fk0 , . . .)
are continuous Λ0-linear idempotents. For a 1-cocycle
c : Γ1(N) →
∫
⊞
Zp
Lk−2dk,
we consider the composite c′ : Γ1(N) → (ΛN0 , ρ•−2) of c and the inverse of the homeomor-
phic Λ0-linear Π0(p)-equivariant isomorphism
∞∏
k=2
spk : (ΛN0 , ρ•−2)
∼→
∫
⊞
Zp
Lk−2dk.
By the proof of Proposition 2.11, Γ1(N) is a finitely generated free group. Henceforth,
we fix a basis (γh)dh=1 of the finitely generated free group Γ1(N). By the isomorphism in
Lemma 2.5, we identify Z1(Γ1(N), (ΛN0 , ρ•−2)) with (ΛN0 )d. Put c′ = (c′h)dh=1 through the
identification. Set τk0,±(c′) ≔ (τk0 ,±(c′h))dh=1, and denote by
τk0 ,±(c) : Γ1(N) →
∫
⊞
Zp
Lk−2dk,
the 1-cocycle obtained as the composite of τk0 ,±(c′) and
∏∞
k=2 spk. We obtain continuous
idempotents τk0 ,− and τk0 ,+ on
Z1
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
)
with τk0 ,− + τk0 ,+ = id.
Lemma 3.19. If ps | N, then the image of
τk0 ,−
(
Z1
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
))
generates a dense Λ0T<sN -submodule of∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
for any k0 ≥ s + 1.
60
Proof. We always identify the group cohomologies and the corresponding e´tale coho-
mology by Proposition 2.11. Put
L ≔
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
M˜ ≔ Z1
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
)
M ≔ H 1et
(
Y1(N)Q,
∫
⊞
Zp
Fk−2dk
)
and
M≤k1 ≔
k1∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)<s
for each k1 ∈ N ∩ [2,∞). Let c ∈ L. By the definition of the inverse limit topology, it
suffices to verify that the image of c in M≤k1 is contained in the (Λ0 ⊗Zp[[1+NZp]] T<s≤k1,N)-
submodule generated by the image of τk0,−(M˜) for any k1 ∈ N ∩ [k0,∞). Let k1 ∈ N ∩
[ps,∞). By Proposition 1.42 and Proposition 2.4, there is a lift
ck1 ∈ TN[X] ⊗TN M
of the image ck1 of c in M≤k1 with respect to the TN-algebra homomorphism TN[X] ։
T<s≤k1 ,N : X 7→ psT−1p . Put ck1 =
∑n0
n=0 X
n ⊗ ck1,n for a (ck1 ,n)n0n=0 ∈ Mn0+1. Take a lift c˜k1 ,n ∈ M˜
of ck1 ,n for each n ∈ N∩[0, n0]. We have c˜k1,n = τk0 ,−(c˜k1 ,n)+τk0,+(c˜k1 ,n). As a consequence,
ck1 is decomposed into the sum of the images of
n0∑
n=0
Xn ⊗ τk0 ,−(c˜k1,n) ∈ Zp[X] ⊗Zp τk0 ,−(M˜)
n0∑
n=0
Xn ⊗ τk0 ,+(c˜k1,n) ∈ Zp[X] ⊗Zp τk0 ,+(M˜),
and hence it suffices to verify that the image of τk0,+(M˜) in M≤k1 is contained in the
(Λ0 ⊗Zp[[1+NZp]] T<s≤k1,N)-submodule generated by τk0,−(M˜). Before that, we calculate the
image of τk0 ,+(M˜) by Tp.
By the homeomorphic Λ0-linear Π0(p)-equivariant isomorphism
∞∏
k=2
sp(k) : (ΛN0 , ρ•−2)
∼→
∫
⊞
Zp
Lk−2dk.
and Lemma 2.5, we identify M˜ with (ΛN0 )d. The double coset decomposition correspond-
ing to Tp is given as
Γ1(N)
(
1 0
0 p
)
Γ1(N) =
p−1⊔
θ=0
Γ1(N)
(
1 θ
0 p
)
.
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Let h ∈ N ∩ [1, d] and θ ∈ N ∩ [0, p − 1]. Since the right hand side is a double coset of
the action of Γ1(N), there is a unique δ(h, θ) ∈ N ∩ [1, p − 1] satisfying
Ah,θ ≔
(
1 θ
0 p
)
γh
(
1 δ(h, θ)
0 p
)−1
∈ Γ1(N).
We denote by ℓh,θ ∈ N the word length of Ah,θ with respect to the basis (γh)dh=1. Put
Ah,θ = γ
σh,θ,1
h′h,θ,1
· · ·γσh,θ,ℓh,θh′h,θ,ℓh,θ
for unique (h′h,θ,n)ℓh,θn=1 ∈ (N ∩ [1, d])ℓh,θ and (σh,θ,n)ℓh,θn=1 ∈ {1,−1}ℓh,θ with γσh,θ,nh′h,θ,n γ
σh,θ,n+1
h′h,θ,n+1
, 1 for
any n ∈ N ∩ [1, ℓh,θ − 1]. We define an (Ah,θ,n)ℓh,θn=1 ∈ Γ1(N)ℓh,θ by setting
Ah,θ,n ≔

γ
σh,θ,1
h′h,θ,1
· · ·γσh,θ,n−1h′h,θ,n−1 (σh,θ,n = 1)
γ
σh,θ,1
h′h,θ,1
· · ·γσh,θ,n−1h′h,θ,n−1 γ
−1
h′h,θ,n
(σh,θ,n = −1)
for each n ∈ N ∩ [1, ℓh,θ]. For any 1-cocycle c˜ : Γ1(N) → (ΛN0 , ρ•−2), we have
c˜(Ah,θ) = c˜
(
γ
σh,θ,1
h′h,θ,1
· · ·γσh,θ,ℓh,θh′h,θ,ℓh,θ
)
=
ℓh,θ−1∑
n=1
ρ•−2
(
γ
σh,θ,1
h′h,θ,1
· · · γσh,θ,n−1h′h,θ,n−1 , c˜
(
γ
σh,θ,n
h′h,θ,n
))
=
ℓh,θ−1∑
n=1
σh,θ,nρ•−2
(
Ah,θ,n, c˜(γh′h,θ,n)
)
for any h ∈ N∩ [1, d] and θ ∈ N∩ [0, p− 1]. Therefore the double coset operator Tp with
respect to the presentation of the decomposition above acts on M˜ as
Tp : (ΛN0 )d → (ΛN0 )d((
Fh,i
)∞
i=0
)d
h=1
7→

p−1∑
θ=0
ρ•−2

(
1 θ
0 p
)ι
,
ℓh,θ∑
n=1
σh,θ,nρ•−2
(
Ah,θ,n,
(
Fh′h,θ,n ,i
)∞
i=0
)

d
h=1
.
For any (c, n) ∈ NZp × (N\{0}), we have∣∣∣∣∣cnn!
∣∣∣∣∣ = |c|n |p|−∑∞h=1
⌊
n
ph
⌋
=
 |c|
n (1 ≤ n ≤ p − 1)
|c| n(p−2)p−1 |p|
n
p−1−
∑∞
h=1
⌊
n
ph
⌋
(n > p − 1)
≤ |c| ≤ |N|
by p , 2. For any (A, F) ∈ Γ1(N)× τk0 ,+(ΛN0 ) with A =
(
a b
c d
)
and F = (Fi)∞i=0, we have
ρ•−2(A, F) =

∞∑
j=k0−1
F j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(z − 2 − m)
 ahbi−h c j−h( j − h)!dz−2−i− j+h

∞
i=0
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∈ N(z − k0)τk0 ,−(ΛN0 ) ⊕ τk0 ,+(ΛN0 ) ⊂ ps(z − k0)τk0 ,−(ΛN0 ) ⊕ τk0 ,+(ΛN0 )
by the condition ps | N. For any θ ∈ N∩ [0, p−1] and F ∈ ps(z− k0)τk0 ,−(ΛN0 )⊕ τk0 ,+(ΛN0 )
with F = (Fi)∞i=0, we have
ρ•−2
((
1 θ
0 p
)ι
, F
)
=

∞∑
j=0
F j
min{i, j}∑
h=0
(
i
h
) 
i+ j−h−1∏
m=i
(z − 2 − m)
 ph(−θ)i−h 0 j−h( j − h)!1z−i− j+h

∞
i=0
=

i∑
j=0
F j
(
i
j
)
p j(−θ)i− j

∞
i=0
∈ ps(z − k0)τk0 ,−(ΛN0 ) ⊕ psτk0 ,+(ΛN0 )
by the condition k0 ≥ s + 1. Therefore the image of τk0,+(M˜) by Tp is contained in
ps(z − k0)τk0 ,−(M˜) ⊕ psτk0 ,+(M˜) ⊂ psM˜.
Let c˜ ∈ τk0 ,+(M˜), and put c˜ = (c˜1, . . . , c˜d)(ΛN0 )d by the identification. Set c˜[0] ≔ c˜,
and put Tp(c˜[0]) = ps ˜d by a ˜d ∈ (z − k0)τk0 ,−(M˜)⊕ τk0 ,+(M˜). As an equality of the images
in M≤k1 , we have
psc˜[0] = TpX ⊗ c˜ = X ⊗ Tpc˜ = psX ⊗ ˜d,
and hence c˜[0] = X ⊗ ˜d because M≤k1 is torsionfree as a Zp-module. Put c˜[1] ≔ τk0 ,+( ˜d).
Then the image of c˜[0] in M≤k1 coincides with that of
X ⊗ τk0,−( ˜d) + X ⊗ c˜[1] ∈ Zp[X] ⊗Zp
(
(z − k0)τk0 ,−(M˜) ⊕ τk0,+(M˜)
)
Repeating similar calculations, we obtain a c˜[n] ∈ τk0 ,+(M˜) such that the image of c˜[0]
coincides with that of Xn ⊗ c˜[n] modulo the (Λ0 ⊗Zp[[1+NZp]] T[<s]≤k1 ,N)-submodule generated
by the image of (z − k0)τk0 ,−(M˜). Therefore the image of c˜[0] in M≤k1 lies in the p-adic
closure of the (Λ0⊗Zp[[1+NZp]]T<s≤k1 ,N)-submodule generated by the image of (z−k0)τk0 ,−(M˜),
because the action of psT−1p on the image of M˜ in M≤k1 is topologically nilpotent with
respect to the p-adic topology by the proof of Proposition 1.43. Since M≤k1 is finitely
generated as a Zp-module, every Zp-submodule is p-adically closed. Thus the assertion
holds. 
Theorem 3.20. Suppose ps | N. Then the profinite Λ0T<sN [Gal(Q/Q)]-module∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
is finitely generated as a (Λ0T<sN )-module.
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Proof. Put
M ≔ τs+1,−
(
Z1
(
Γ1(N),
∫
⊞
Zp
Lk−2dk
))
L ≔
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk.
The continuous Λ0-linear homomorphism (Λs+10 )d → M obtained by the embeddings
(Λs+10 )d ֒→ (ΛN0 )d
((Fh,i)si=0)dh=1 7→ ((Fh,0, . . . , F f ,s, 0, . . .))dh=1
M ֒→ (ΛN0 )d
c 7→

 ∞∏
k=2
spk

−1
(c(γh))

d
h=1
is a homeomorphic isomorphism by the definition of M, and hence M is a finitely gen-
erated free Λ0-module. Let E ⊂ M be a Λ0-linear basis. For each c ∈ E, we denote
by c ∈ L the image of c. By Lemma 3.19, the image of the continuous (Λ0T<sN )-linear
homomorphism
̟ :
(
Λ0T
<s
N
)E → L
(Fc)c∈E 7→
∑
c∈E
Fcc
generates a dense (Λ0T<sN )-submodule of L. Since Λ0T<sN is compact and L is Hausdorff,
the image of ̟ is closed. Thus ̟ is surjective, and L is generated by the image of the
finite set E as a (Λ0T<sN )-module. 
Definition 3.21. We set
H1et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))<s
≔ Qp ⊗Zp H 1et
(
Y1(N)Q,Fk−2
)<s
∫
⊞
Zp
H1et
(
Y1(N)Q, Symk−2
(
R1(πN)∗(Qp)E1(N)
))<s
dk
≔ Qp ⊗Zp
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)
,
and regard them as (Qp⊗Zp Λ0T<sN )-modules endowed with a (Qp⊗Zp Λ0T<sN )-linear action
of Gal(Q/Q).
Remark 3.22. By Remark 3.7, we have a natural projection
H1et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))
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։ H1et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))<s
corresponding to the canonical projection Qp ⊗Zp Te´tk0 ,N  Qp ⊗Zp Tk0 ,N ։ Qp ⊗Zp T[<s]k0 ,N 
Qp ⊗Zp T<sk0 ,N.
We denote by P<sk0 the kernel of the specialisation map Λ0T
<s
N ։ T
<s
k0 ,N.
Lemma 3.23. If ps | N, then for any k0 ∈ N ∩ [2,∞), the specialisation map∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk ֒→
∞∏
k=2
H
1
et
(
Y1(N)Q,Fk−2
)<s
։H
1
et
(
Y1(N)Q,Fk0−2
)<s
is a surjective continuous Λ0T<sN -linear Gal(Q/Q)-equivariant homomorphism, and if
k0 ≥ max{s + 1, 3}, then the kernel of its localisation∫
⊞
Zp
H1et
(
Y1(N)Q, Symk−2
(
R1(πN)∗(Qp)E1(N)
))<s
dk
→ H1et
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))<s
coincides with
P<sk0
(∫
⊞
Zp
H1et
(
Y1(N)Q, Symk−2
(
R1(πN)∗(Qp)E1(N)
))<s
dk
)
.
Proof. Let ϕ denote the homomorphism in the assertion. Put
L ≔
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
M ≔
∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)
free
dk
and
Mk1 ≔ H
1
et
(
Y1(N)Q,Fk1−2
)
free
M[<s]k1 ≔
(
T[<s]k1 ,N ⊗Tk1 ,N Mk1
)
free
M<sk1 ≔ H
1
et
(
Y1(N)Q,Fk1−2
)<s
for each k1 ∈ N ∩ [2,∞). The natural continuous Λ0TN-linear homomorphisms
Λ0T
<s
N ⊗ˆΛ0TN M → Λ0T<sN ⊗ˆΛ0TN Mk1
Λ0T
<s
N ⊗ˆΛ0TN Mk1 → T<sk0 ,N⊗ˆΛ0TN Mk1  M<sk1
are surjective by Proposition 1.11, Proposition 3.17, and the surjectivity of the canonical
projections Λ0TN ։ Tk0 ,N and Λ0T<sN ։ T<sk0,N . Therefore ϕ is surjective. Before cal-
culating the kernel of Qp ⊗Zp ϕ, we verify that the natural T[<s]k1,N-linear homomorphism
M[<s]k1 → M<sk1 is injective for any k1 ∈ N ∩ [2,∞).
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Let c[<s]k1 ∈ M
[<s]
k1 be an element whose image c
<s
k1 in M
<s
k1 is 0. By the definition of M
<s
k1 ,
the image of c[<s]k1 in (T
[<s]
k1,N[X]/(TpX − ps)) ⊗T[<s]k1 ,N M
[<s]
k1 is annihilated by p
r for an r ∈ N,
and hence the image of prc[<s]k1 in T
[<s]
k1 ,N[X]⊗T[<s]k1 ,N M
[<s]
k1 lies in (TpX−ps)T
[<s]
k1,N[X]⊗T[<s]k1 ,N M
[<s]
k1 .
We have an identification T[<s]k1 ,N[X] ⊗T[<s]k1 ,N M
[<s]
k1  (M
[<s]
k1 )⊕N given by the basis (Xh)∞h=0 of
the free T[<s]k1,N-module T
[<s]
k1,N[X]. Since Tp is integral over Zp as an element of T
[<s]
k1 ,N, there
is an (n, A) ∈ N × T[<s]k1 ,N such that ATp = pn. Since M
[<s]
k1 is torsionfree as a Zp-module,
the equality ATp = pn ensures that the endomorphism on M[<s]k1 given by Tp is injective.
Therefore we obtain
M[<s]k1 ∩
(
(TpX − ps)T[<s]k1,N[X] ⊗T[<s]k1 ,N M
[<s]
k1
)
= 0.
It implies prc[<s]k1 = 0. Since M
[<s]
k1 is torsionfree as a Zp-module, we get c
[<s]
k1 = 0.
In the following, for each c ∈ M and k1 ∈ N ∩ [2,∞), and for each formal symbol
(κ, σ) ∈ {k0,≤ k1} × {∅, [< s], < s}, we denote by cσκ the image of c in
∏k1
k=2 M
σ
k when κ is
the formal symbol ≤ k1, and in Mσk0 when κ is the formal symbol k0. Similarly, for each
c
<s ∈ L and k1 ∈ N ∩ [2,∞), and for each formal symbol κ ∈ {k0,≤ k1}, we denote by
c
<s
κ the image of c
<s in
∏k1
k=2 M
<s
k when κ is the formal symbol ≤ k1, and in M<sk0 when κ
is the formal symbol k0. Let c[0]<s ∈ ker(Qp ⊗Zp ϕ). We prove c[0]<s ∈ P<sk0 (Qp ⊗Zp L).
Multiplying c[0]<s by p sufficiently many times, we may assume that c[0]<s lies in the
image of L. Let q1 ∈ N\{0} denote the order of the finite Abelian p-group torp(T[<s]k1 ,N ⊗Tk1 ,N
Mk1), and q2 ∈ N\{0} the order of the finite Abelian p-group torp(H1(Γ1(N),L k0−2)). We
prove q1q2c[0]<s ∈ P<sk0 L. Since P<sk0 is the kernel of a continuous homomorphism, the
profiniteness of Λ0T<sN ensures that of P<sk0 . Since P
<s
k0 is profinite and the map
(P<sk0 )l → L
(a j)lj=1 7→
l∑
j=1
a jd j
is continuous, its image P<sk0 L is closed. Therefore in order to prove q1q2c[0]<s ∈ P<sk0 L, it
suffices to verify that q1q2c[0]<s≤k1 lies in the image of P<sk0 L for any k1 ∈ N ∩ [k0 + 1,∞).
By the definition of L, there is an (n, c[1]) ∈ N × M such that (psT−1p )nc[1]<s≤k1 = c[0]<s≤k1 .
In particular, T npc[0]<s≤k1 = pnsc[1]<s≤k1 lies in the image of the natural T≤k1(N)[<s]-linear
homomorphism ∏k1k=2 M[<s]k → ∏k1k=2 M<sk , which is injective by the previous argument.
We have
pnsc[1]<sk0 = T np(psT−1p )nc[1]<sk0 = T npc[0]<sk0 = T npϕ(c<s) = 0,
and hence c[1]<sk0 = 0 because
∏k1
k=2 M
<s
k is torsion free as a Zp-module. It implies
c[1][<s]k0 = 0 by the injectivity of the natural Tk0 ,N-linear homomorphism M[<s]k0 → M<sk0 .
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Therefore the image of c[1] in T[<s]k0,N ⊗Tk0 ,N Mk0 lies in torp(T
[<s]
k1 ,N ⊗Tk1 ,N Mk1), and hence that
of q1c[1] is 0. Let S ⊂ Tk0 ,N be a finite subset of generators of the kernel of the canonical
projection Tk0,N ։ T[<s]k0 ,N. Then the image of q1c[1] in Mk0 lies in
∑
A∈S AMk0 . Take a lift
˜S ⊂ TN of S . By the definition of S , the image of ˜S in T<sN is contained in P<sk0 . Take a lift
c[2] ∈ ∑s˜∈ ˜S s˜M ⊂ M of the image of q1c[1]k0 . Since the image of ˜S in T<sN is contained
in P<sk0 , c[2]<s≤k1 lies in the image of P<sk0 L.
We identify the group cohomologies and the corresponding e´tale cohomology by
Proposition 2.11. In the following, for each 1-cocycle c : Γ1(N) → (ΛN0 , ρ•−2), we denote
by ck0 : Γ1(N) → Lk0−2 the specialisation of c at k0, and by c ∈ M the image of the
cohomology class of c. Take a 1-cocycle c[3] : Γ1(N) → (ΛN0 , ρ•−2) representing qc[1] −
c[2] through the homeomorphic TN-linear isomorphism
∞∏
k=2
spk : (ΛN0 , ρ•−2)
∼→
∫
⊞
Zp
Lk−2dk.
Since c[3]k0 = q1c[1]k0 − c[2]k0 = 0, the cohomology class of c[3]k0 is annihilated by
pr for an r ∈ N, and hence q2c[3]k0 is a 1-coboundary. Take a b ∈ Lk0−2 such that the
1-coboundary ∂b associated to b coincides with q2c[3]k0 . Let ˜b denote the image of b by
the Zp-linear embedding
Symk0−20 (Z2p) ֒→ ΛN0
k0−2∑
i=0
biek0−2,i 7→ (b0, . . . , bk0−2, 0, 0, . . .).
We denote by ∂˜b ∈ B1(Γ1(N), (ΛN0 , ρ•−2)) the 1-coboundary associated to ˜b. Then we
have (∂˜b)k0 = ∂b = q2c[3]k0 . Therefore every value of the 1-cocycle q2c[3] − ∂˜b is
an element of ΛN0 whose specialisation at k0 vanishes. By the factor theorem for a rigid
analytic function, there is a set-theoretical map c[4] : Γ1(N) → ΛN0 such that (z−k0)c[4] =
q2c[3] − ∂˜b. Since ΛN0 is a torsionfree Λ0-module, the cocycle condition for q2c[3] − ∂˜b
ensures that c[4] : Γ1(N) → (ΛN0 , ρ•−2) is a 1-cocycle. We conclude
q1q2c[0]<s≤k1 = (psT−1p )n
(
q1q2c[1]<s≤k1
)
= (psT−1p )n
(
q2c[2]<s≤k1 + (z − k0)c[4]<s≤k1
)
,
and the right hand side lies in the image of P<sk0 L. 
3.3 p-adic Family of Modular Forms of Finite Slope
A prime ideal of Λ0 is said to be of weight k for a k ∈ Zp if its preimage in Zp[[1 + NZp]]
coincides with the prime ideal of height 1 obtained as the kernel of the continuous Zp-
algebra homomorphism Zp[[1 + NZp]] → Zp associated to the continuous character
1 + NZp → Z×p
γ 7→ γk
of weight k by the universality of the Iwasawa algebra.
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Proposition 3.24. Let k0 ∈ Zp. For any u ∈ N ∩ [0, p − 2], the principal ideal
mu,k0 ≔
(z − k0)e(uχp,k0−u)(1) +
p(p−1)−1∑
ζ = 0
ζ , (uχp,k0−u)(1)
eζ
Λ0
= (z − k0) e(uχp,k0−u)(1)Λ0 ⊕
p(p−1)−1⊕
ζ = 0
ζ , (uχp,k0−u)(1)
eζΛ0 ⊂ Λ0
is a closed prime ideal of height 1. Moreover, a prime ideal m ⊂ Λ0 is of weight k0 if and
only if m coincides with mu,k0 for a u ∈ N ∩ [0, p − 2].
See the beginning of §3.1 for the convention of χp,n.
Proof. Since Zp[[X]] is Noetherian (resp. compact, resp. Hausdorff), so is Λ0. Therefore
every ideal of Λ0 is closed. Let u ∈ N ∩ [0, p − 2]. We have
Λ0/mu,k0

(
Zp[[z(uχp,k0−u)(1) − (uχp,k0−u)(1)]]/(z(uχp,k0−u)(1) − k0)
)
×
p(p−1)−1∏
ζ = 0
ζ , (uχp,k0−u)(1)
Zp[[zζ − ζ]]/eζΛ0
 Zp × 0  Zp,
and hence mu,k0 is a closed prime ideal of height 1. The composite ϕ of the embedding
Zp[[1 + NZp]] ֒→ Λ0 and the canonical projection Λ0 ։ Λ0/mu,k0  Zp coincides
with the continuousZp-algebra homomorphismϕk0 associated to the continuous character
1 + NZp → Z×p : γ 7→ γk0 by the universality of the Iwasawa algebra. It implies that mu,k0
is of weight k0.
On the other hand, let m ⊂ Λ0 be a closed prime ideal of height 1 of weight k0. Since
ker(ϕk0) does not contain p, we have p < m. Therefore m∩pΛ0 = pm because m is a prime
ideal. By definition, we have (1+N)z−(1+N)k0 ∈ m because [1+N]−(1+N)k0 ∈ ker(ϕk0).
Let f ∈ 1 + pC(W,Zp). We have
1
h ( f − 1)
h =
ph
h
( f − 1
p
)h
∈ Zp
[ f − 1
p
]
∩ ph−⌊logp h⌋C(W,Zp) ⊂ C(W,Qp)
for any h ∈ N\{0}, and hence the infinite sum
log f ≔
∞∑
h=1
1
h
( f − 1)h
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converges in C(W,Zp). If f ∈ 1 + pΛ0, then we have
1
h ( f − 1)
h ∈ Zp
[ f − 1
p
]
⊂ Λ0,
for any h ∈ N\{0}, and hence log f ∈ Λ0 because Λ0 is closed in C(W,Zp). Since the
embedding Λ0 ֒→ C(W,Zp) is a homeomorphism onto the image, the infinite sum in the
definition of log f converges to log f in Λ0. For any f0 ∈ 1 + pΛ0 with f − f0 ∈ m, we
have
1
h ( f − 1)
h =
ph
h
( f0 − 1
p
+
f − f0
p
)h
∈ 1h ( f0 − 1)
h + m
because f − f0 ∈ m ∩ pΛ0 = pm. Since m is closed, we obtain
log f =
∞∑
h=1
1
h ( f − 1)
h ∈
∞∑
h=1
(
1
h ( f0 − 1)
h + m
)
=
 ∞∑
h=1
1
h ( f0 − 1)
h
 + m = (log f0) + m.
In particular, we obtain
(z − k0) log(1 + N) = log(1 + N)z − log(1 + N)k0 ∈ m
by a usual calculation. Since 1 + N is not a root of unity, we have log(1 + N) , 0.
Therefore we obtain log(1 + N) ∈ Zp\{0} = ⊔r∈N prZ×p , and hence z − k0 ∈ m by p < m.
It implies mu,k0 ⊂ m for some u ∈ N ∩ [0, p − 2], because we have
(z − k0)Λ0 =

p−2∏
u0=0
(z − k0)e(u0χp,k0−u0 )(1) +
p(p−1)−1∑
ζ = 0
ζ , (u0χp,k0−u0 )(1)
eζ

Λ0.
Since m shares height with mu,k0 , we conclude m = mu,k0 . 
For a topologicalΛ0-algebraΛ1, we denote byΩ(Λ1) the set of continuousZp-algebra
homomorphisms Λ1 → Zp.
Proposition 3.25. Let Λ1 be a compact topological Λ0-algebra. For any ϕ ∈ Ω(Λ1),
ϕ(Λ1) is a Zp-subalgebra of Zp finitely generated as a Zp-module.
Proof. Let ϕ ∈ Ω(Λ1). Since ϕ is continuous, ϕ(Λ1) is a compact Zp-subalgebra of
the Hausdorff topological Zp-algebra Zp. Therefore ϕ(Λ1) is a compact Hausdorff topo-
logical Zp-algebra with respect to the relative topology. Let F denote the set of Zp-
subalgebras R of Zp integrally closed in Qp ⊗Zp R ⊂ Qp and finitely generated as Zp-
modules. The set F is directed by inclusions. We have ⋃R∈F R = Zp, and hence⋃
R∈F (R ∩ ϕ(Λ1)) = ϕ(Λ1). For any R ∈ F , R is compact topological Zp-algebra,
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and hence R ∩ ϕ(Λ1) is closed in ϕ(Λ1). By Krasner’s lemma, every finite subexten-
sion of Qp/Qp can be obtained as the p-adic closure of a finite subextension of Qp/Q,
and hence F is a countable set. By Baire category theorem for a ˇCech-complete (e.g. lo-
cally compact Hausdorff) topological space ([Bai99] 59, [Eng77] 3.9.3 Theorem), there
exists some R0 ∈ F such that R0 ∩ ϕ(Λ1) admits non-empty interior in ϕ(Λ1). It ensures
that R0 ∩ ϕ(Λ1) is an open Zp-subalgebra of ϕ(Λ1). Since ϕ(Λ1) is compact, the quo-
tient ϕ(Λ1)/(R0 ∩ ϕ(Λ1)) as additive groups is a finite group. Let a1, . . . , ad ∈ ϕ(Λ1) be a
complete representative of the canonical projection ϕ(Λ1) ։ ϕ(Λ1)/(R0 ∩ ϕ(Λ1)). Since⋃
R∈F (R ∩ ϕ(Λ1)) = ϕ(Λ1), there exists some (R j)dj=1 ∈ F d such that ai ∈ Ri ∩ ϕ(Λ1) for
any i ∈ N ∩ [1, d]. The integral closure R ∈ F of the Zp-subalgebra of Zp generated by⋃d
i=0 Ri satisfies ϕ(Λ1) = R ∩ ϕ(Λ1), and hence ϕ(Λ1) is a Zp-subalgebra of R. Therefore
ϕ(Λ1) is finitely generated as a Zp-module because Zp is Noetherian. 
Let Λ1 be a compact topological Λ0 algebra. For each ϕ ∈ Ω(Λ1), we put Zp[ϕ] ≔
Λ1/ ker(ϕ), and endow it with the quotient topology. For any ϕ ∈ Ω(Λ1), Zp[ϕ] is p-
adically complete by Proposition 3.25, and the p-adic topology coincides with the origi-
nal topology by Proposition 1.23. In particular, the continuous Zp-algebra isomorphism
Zp[ϕ]
∼→ ϕ(Λ1) is a homeomorphism, and hence we identify Zp[ϕ] with ϕ(Λ1) for any
ϕ ∈ Ω(Λ1). For a k0 ∈ Zp, a ϕ ∈ Ω(Λ1) is said to be a Zp-valued point ofΛ1 of weight k0 if
the preimage of ker(ϕ) in Λ0 is of weight k0, and we denote by Ω(Λ1)k0 ⊂ Ω(Λ1) the sub-
set of Zp-valued points of Λ1 of weight k0. We set supp(Λ1) ≔ {k0 ∈ Zp | Ω(Λ1)k0 , ∅}.
We putΩ(Λ1)S ≔ ⊔k∈S Ω(Λ1)k for each S ⊂ Zp, and denote by wt: Ω(Λ1)Zp ։ supp(Λ1)
the canonical projection.
Definition 3.26. A Λ-adic domain is a compact Hausdorff topological Λ0-algebra Λ1
satisfying the following conditions:
(i) The intersection supp(Λ1) ∩ (N ∩ [2,∞)) is an infinite set.
(ii) For any infinite subset Σ ⊂ Ω(Λ1)N∩[2,∞), the equality ⋂ϕ∈Σ ker(ϕ) = {0} holds.
Proposition 3.27. Every Λ-adic domain is an integral domain.
Proof. Let Λ1 be a Λ-adic domain. Assume f1 f2 = 0 for some ( f1, f2) ∈ Λ21. Then for
each ϕ ∈ Ω(Λ1)N∩[2,∞), we have ϕ( f1)ϕ( f2) = ϕ( f1 f2) = ϕ(0) = 0 ∈ Zp, and hence either
ϕ( f1) = 0 or ϕ( f2) = 0 holds. Therefore by the pigeonhole principle, one of the subsets
{ϕ ∈ Ω(Λ1)N∩[2,∞) | ϕ( f1) = 0} and {ϕ ∈ Ω(Λ1)N∩[2,∞) | ϕ( f2) = 0} is an infinite set,
because Ω(Λ1)N∩[2,∞) is an infinite set by the condition (i). It implies that either f1 = 0 or
f2 = 0 holds by the condition (ii). Thus Λ1 is an integral domain. 
Proposition 3.28. Every Λ-adic domain is a commutative profinite Λ0-algebra.
Proof. Let Λ1 be a Λ-adic domain. The conditions (i) and (ii) ensure that the continuous
Zp-algebra homomorphism
Λ1 →
∏
ϕ∈Ω(Λ1)
Zp[ϕ]
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f 7→ ( f + ker(ϕ))ϕ∈Ω(Λ1)
is injective, and hence is a homeomorphic isomorphism onto the closed image, because
Λ1 is compact and Zp[ϕ] is Hausdorff for any ϕ ∈ Ω(Λ1). Thus the assertion holds
because the target is a commutative profinite Λ0-algebra. 
We show an explicit way to construct a Λ-adic domain. For this sake, we introduce
a notion of the analytic space associated to a Λ-adic domain. We identify W with the
disjoint union of p(p − 1) copies of open unit balls. For each open disc D ⊂ W of radius
|p|r for an r ∈ N, we denote by Λ0(D) the profinite Λ0-algebra of Zp-valued rigid analytic
functions on D.
Definition 3.29. A Λ-adic domain Λ1 is said to be affinoid if the structure morphism
Λ0 → Λ1 factors through the Weierstrass localisation Λ0 → Λ0(D) for an open disc
D ⊂ W of radius |p|r for an r ∈ N, and if Λ1 is finitely generated as a Λ0(D)-module.
Proposition 3.30. Let Λ1 be a Λ-adic domain (resp. an affinoid Λ-adic domain), and Λ2
a commutative e´tale Λ1-algebra which is an integral domain and is finitely generated as
a Λ1-module. Then Λ2 is a Λ-adic domain (resp. an affinoidΛ-adic domain) with respect
to the canonical topology on Λ2 as a Λ1-module.
Proof. For the detail of the canonical topology, see Proposition 1.15 and Proposition
1.25. Let k0 ∈ N ∩ [2,∞), and ϕ ∈ Ω(Λ1)k0 . Since Λ1 is an integral domain and Λ2 is
a commutative e´tale Λ1-algebra finitely generated as a Λ1-module, there is a Λ1-algebra
homomorphism ϕ˜ : Λ2 → Qp extending ϕ by going up theorem. By the definition of the
canonical topology, ϕ˜ is continuous and lies inΩ(Λ2)k0 . Therefore supp(Λ2)∩(N∩[2,∞))
is an infinite set. Let Σ ⊂ Ω(Λ2)N∩[2,∞) be an infinite subset. For each ϕ ∈ Σ, we denote by
ϕ ∈ Ω(Λ1)N∩[2,∞) the composite of ϕ and the structure morphism Λ1 → Λ2. Since Λ2 is
finitely generated as a Λ1-module, Σ ≔ {ϕ | ϕ ∈ Σ} ⊂ Ω(Λ1)N∩[2,∞) is an infinite set. Let
F ∈ ⋂ϕ∈Σ ker(ϕ). Let P(X) = PnXn +∑n−1h=0 PhXh ∈ Λ1[X] denote the minimal polynomial
of F over Λ1. For any ϕ ∈ Σ, we have
ϕ(P0) = ϕ
−PnFn − n−1∑
h=1
PhFh
 = −ϕ(Pn)ϕ(F)n − n−1∑
h=1
ϕ(Ph)ϕ(F)h = 0.
Since Λ1 is a Λ-adic domain and Σ is an infinite subset ofΩ(Λ1)N∩[2,∞), we obtain P0 = 0.
Therefore P(X) ∈ Λ1[X]X. Since Λ2 is an integral domain, we get n = 1 and P(X) =
X. Thus F = 0. We conclude that Λ2 is a Λ-adic domain (resp. an affinoid Λ-adic
domain). 
We denote by M (A ) the Berkovich spectrum of A for each affinoid Qp-algebra A .
For details of analytic spaces, see [Ber90] and [Ber93]. Let Λ1 be an affinoid Λ-algebra,
and D ⊂ W be an open disc of radius |p|r for an r ∈ N such that the structure morphism
Λ0 → Λ0 factors through the Weierstrass localisation Λ0 → Λ0(D) and Λ1 is finitely
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generated as a Λ0(D)-module. Taking a finite subset {Fh | h ∈ N ∩ [1, d]} ⊂ Λ1 of
generators as a Λ0(D)-module, we obtain a surjective Λ0(D)-algebra homomorphism
̟ : Λ0(D)[X1, . . . , Xd] ։ Λ1
Xh 7→ F f
Let D ⊂ Zp denote the open unit disc containing D sharing the radius with D, i.e. D ≔
{z ∈ Zp | ∀w0 ∈ D, ∃w1 ∈ D, |z −w0| ≤ |w1 −w0|}. Then ̟ yields a 1-dimensional analytic
subset
Mη(Λ1)(Qp) ≔
{
(zi)di=0 ∈ Z
d+1
p
∣∣∣∣ z0 ∈ D, F(z0, z1, . . . , zd) = 0, ∀F ∈ ker(̟)} .
More precisely, Λ1 corresponds to aQp-analytic space in the following way: For each r ∈
N\{0}, we regard∏p(p−1)−1
ζ=0 Qp{|p|−
1
r (zζ−ζ)} as a topologicalΛ0-algebra by the continuous
embedding
Λ0 =
p(p−1)−1∏
ζ=0
Zp[[zζ − ζ]] ֒→
p(p−1)−1∏
ζ=0
Qp{|p|−
1
r (zζ − ζ)}
(Fζ(zζ − ζ))p(p−1)−1ζ=0 7→ (Fζ(zζ − ζ))p(p−1)−1ζ=0 .
Since Λ1 is finitely generated as a Λ0(D)-module, (∏p(p−1)−1ζ=0 Qp{|p|− 1r (zζ − ζ)}) ⊗Λ0 Λ1
is a 1-dimensional affinoid Qp-algebra over
∏p(p−1)−1
ζ=0 Qp{|p|−
1
r (zζ − ζ)} with respect to
a complete non-Archimedean norm unique up to equivalence for each r ∈ N\{0}. We
obtain a locally compact σ-compact Hausdorff Qp-analytic space as the colimit
Mη(Λ1) ≔
⋃
r∈N\{0}
M


p(p−1)−1∏
ζ=0
Qp{|p|−
1
r (zζ − ζ)}
 ⊗Λ0 Λ1
 .
We remark that there is another way to construct Mη(Λ1) independent of the presen-
tation ϕ, whose underlying set is naturally identified with the set of continuous mul-
tiplicative seminorms on Λ1. We call Mη(Λ1) the formal affinoid space associated to
Λ1. It is not an affinoid space unless Λ1 = 0, and is a countable union of affinoid
spaces. For each ζ ∈ N ∩ [0, p(p − 1) − 1], Λ0/eζΛ0 is an affinoid Λ-adic domain.
We put W ≔
⊔
ζ∈N∩[0,p(p−1)−1] Mη(Λ0/eζΛ0). We have a natural e´tale morphism from
Mη(Λ1) → W by the construction. We remark that Λ1 can not be reconstructed from
Mη(Λ1). Indeed, every Λ1-subalgebra Λ′1 of the integral closure of the image of Λ1 in
Λ1 ⊗Zp Qp finitely generated as a Λ0-module is an affinoid Λ-adic domain with a natu-
ral isomorphism Mη(Λ′1)
∼→ Mη(Λ1). Now we verify that analytic curves with suitable
conditions admits an e´tale covering by the formal affinoid spaces associated to affinoid
Λ-adic domains.
Theorem 3.31. Every closed good Qp-analytic space e´tale over W admits an open cov-
ering by formal affinoid spaces associated to affinoid Λ-adic domains.
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See [Ber90] 3.1.2, [Ber93] 1.2.15, and [Ber93] Definition 3.3.4, for the notion of a
closed analytic space, a good analytic space, and an etale morphism between analytic
spaces respectively.
Proof. Let C be a closed goodQp-analytic space with an e´tale morphismψ : C → W , and
x ∈ C. Since W is a smoothQp-analytic space, so is C. Put y ≔ ψ(x). Since C is good and
ψ is e´tale, there are affinoid neighbourhoods V ⊂ C and U ⊂ W of x and y respectively
such that V ⊂ ψ−1(U) and ψ|V : V → U is a finite e´tale morphism with V ∩ ψ−1(x) =
{y}. In particular, H0(V,OC) is a commutative H0(U,OW )-algebra finitely generated as a
H0(U,OW )-module. Since C is closed, replacing U by a larger one, we may assume that y
does not lie in the relative boundary of U in W . Therefore there is an open discD ⊂ W of
radius |p|r for an r ∈ N such that x ∈ D ⊂ U and V ∩ ψ−1(D) is connected. Since D is the
increasing union of closed discs, V ∩ψ−1(D) is the increasing union of connected affinoid
subdomains. It implies that H0(V ∩ ψ−1(D),OC) has no non-trivial idempotent by Shilov
idempotent theorem ([Ber90] Theorem 7.4.1). Since C is smooth, H0(V ∩ ψ−1(D),OC) is
an integral domain. It is easy to see that Λ0(D) itself is an affinoid Λ-adic domain. The
commutative e´tale Λ0(D)-algebra H0(V ∩ ψ−1(D),OC)  Λ0(D) ⊗H0(U,OW ) H0(V,OC) is
finitely generated as a Λ0(D)-module. We endow H0(V ∩ ψ−1(D),OC) with the canonical
topology as a Λ0(D)-module. By Proposition 3.30, H0(V ∩ ψ−1(D),OC) is an affinoid
Λ-adic domain. Thus the assertion follows from the fact that the affinoid localisation
H0(V,OC) → H0(V ∩ ψ−1(D),OC) gives an identification Mη(H0(V ∩ ψ−1(D),OC)) 
V ∩ ψ−1(D). 
Remark 3.32. Theorem 3.31 ensures that there are many explicit examples of Λ-adic
domains. One of the most important example of a closed good Qp-analytic space over
W is the reduced eigencurve introduced in [Eme] Theorem 2.23 obtained as the closed
subspace of Spf(T(p)N ) × A1Qp interpolating classical Hecke eigenforms, where T
(p)
N is the
universal Hecke algebra of level N generated by Hecke operators Tℓ for each prime num-
ber ℓ , p and S ℓ for each prime number ℓ coprime to N. Unlike the original reduced
eigencurve introduced in [CM98] 6.1 Definition 1 and [CM98] 7.5, the reduced eigen-
curve forms a family of modular forms of the fixed level N. Every closed good reduced
Qp-analytic space of dimension 1 admits a smooth alteration given by the normalisation.
Therefore the reduced eigencurve admits a smooth alteration with an open covering of
the complement of a discrete subspace by formal affinoid spaces associated to affinoid
Λ-adic domains.
Henceforth, let Λ1 denote a Λ-adic domain. Imitating the definition of a Berkovich
spectrum ([Ber90] 1.2), we endow Ω(Λ1) with the weakest topology for which the map
| f | : Ω(Λ1) → [0,∞)
ϕ 7→ |ϕ( f )|
is continuous for any f ∈ Λ1. Let Σ ⊂ Ω(Λ1) be an infinite subset endowed with the
relative topology. The evaluation map
Λ1 → ZΣp
73
f 7→ (ϕ( f ))ϕ∈Σ
is injective because Λ1 is a Λ-adic domain. The image of Λ1 is contained in C(Σ,Zp)
by the definition of the topology of Ω(Λ1). The induced map Λ1 ֒→ C(Σ,Zp) is not
necessarily continuous with respect to the p-adic topology of C(Σ,Zp), while the inverse
of its restriction onto the image is continuous by Corollary 1.13. We remark that the
relative topology on C(Σ,Zp) ⊂ ZΣp is the topology of pointwise convergence, and hence
Λ1 can be naturally identified with a Zp-subalgebra of C(Σ,Zp) compact with respect to
the topology of pointwise convergence. Now we introduce a notion of a Λ1-adic form.
For the convention of slope, see §1.3.
Definition 3.33. A Λ1-adic form of level N is an f (q) ∈ Λ1[[q]] such that f (ϕ)(q) ≔∑∞
h=0 ϕ(ah( f ))qh ∈ Zp[ϕ][[q]] lies in Mwt(ϕ)(Γ1(N),Zp[ϕ]) for all but finitely many ϕ ∈
Ω(Λ1)N∩[2,∞). We denote byM(Γ1(N),Λ1) ⊂ Λ1[[q]] the Λ1-submodule of Λ1-adic forms
of level N.
When Λ1 is an affinoid Λ-adic domain appearing in an open subspace of a smooth
alteration of the cuspidal locus of the reduced eigencurve as in Remark 3.32, then we
obtain a Λ1-adic form of level N by pulling back the family of systems of cuspidal Hecke
eigenvalues on the reduced eigencurve. Therefore a reader does not have to mind the
existence of a non-trivial Λ1-adic form. On the other hand, we have no evidence of the
finiteness of M(Γ1(N),Λ1) as a Λ1-module. Restricting it to the case where a family is
allowed to be of finite slope in the following sense, we verify the finiteness.
Definition 3.34. Let s ∈ N\{0}. A Λ1-adic form f (q) of level N is said to be locally of
slope < s if f (ϕ)(q) ∈ Zp[ϕ][[q]] lies in Mwt(ϕ)(Γ1(N),Zp[ϕ])<s for all but finitely many
ϕ ∈ Ω(Λ1)N∩[2,∞). We denote by M(Γ1(N),Λ1)[<s] ⊂ M(Γ1(N),Λ1) the Λ1-submodule of
Λ1-adic forms of level N locally of slope < s.
Henceforth, we fix an s ∈ N\{0}. Let R ⊂ Qp be a subring, and ǫ : (Z/NZ)× → Q×p a
Dirichlet character. We put
Mk0(Γ1(N), ǫ,R)<s ≔ Mk0(Γ1(N),R)<s ∩ Mk0(Γ1(N), ǫ,R)
= Mk0(Γ1(N),Qp)<s ∩ Mk0(Γ1(N), ǫ,R).
If R contains the image of ǫ, then Mk0(Γ1(N), ǫ,R)<s is an intersection of R-submodules
Mk0(Γ1(N),Qp)<s,Mk0(Γ1(N), ǫ,R) ⊂ Mk0(Γ1(N),Qp) stable under the action of Hecke
operators, and hence is an R-submodule of Mk0(Γ1(N),Qp) stable under the action of
Hecke operators. In fact, the assumption that R contains the image of ǫ can be removed
by [DI95] Theorem 12.3.4/2, [DI95] Proposition 12.3.11, and [DI95] Proposition 12.4.1,
but we do not use the result.
Let χ : (Z/NZ)× → Λ×1 be a group homomorphism. A Λ1-adic form f (q) of level N is
said to be with character χ if f (ϕ)(q) ∈ Zp[ϕ][[q]] lies in Mwt(ϕ)(Γ1(N), ϕ ◦ χ,Zp[ϕ]) for
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all but finitely many ϕ ∈ Ω(Λ1)N∩[2,∞). We denote by M(Γ1(N), χ,Λ1) ⊂ M(Γ1(N),Λ1)
the Λ1-submodule of Λ1-adic form of level N with character χ. We put
M(Γ1(N), χ,Λ1)[<s] ≔ M(Γ1(N), χ,Λ1) ∩M(Γ1(N),Λ1)[<s].
There is a unique Λ1-linear action of Tℓ for each prime number ℓ and S n for each n ∈ N
coprime to N onM(Γ1(N), χ,Λ1)[<s] compatible with the specialisation maps. The action
is given explicitly in the following way:
Tℓ : M(Γ1(N), χ,Λ1)[<s] → M(Γ1(N), χ,Λ1)[<s]
f (q) 7→
{ ∑∞
h=0 aℓh( f )qh +
∑∞
h=0 ah( f )χ(ℓ + NZ)ℓk−2qℓh (ℓ |/N)∑∞
h=0 aℓh( f )qh (ℓ | N)
S n : M(Γ1(N), χ,Λ1)[<s] → M(Γ1(N), χ,Λ1)[<s]
f (q) 7→ χ(n + NZ)nk−2 f (q).
Henceforth, we fix a group homomorphism χ : (Z/NZ)× → Λ×1 . We show a certain
finiteness of M(Γ1(N),Λ1)[<s]. For a ring R and a left R-module M of finite length, we
denote by ℓR(M) ∈ N the length of M.
Lemma 3.35. The set {dim
Qp
Mk(Γ1(N),Qp)[<s] | k ∈ N ∩ [2,∞)} is uniformly bounded
by the constant
max
k ∈ N
2 ≤ k ≤ s + ps
ℓZp
(
H1
(
Γ1(N),Lk−2/ps+1
))
.
Proof. We denote by C ∈ N the constant in the assertion. Let k1 ∈ [2,∞). For each
commutative topological Zp-algebra R, put
MR ≔ R ⊗Zp H1
(
Γ1(N),Lk1−2
)
.
If k1 ∈ N ∩ [2, s + ps], then we have
dim
Qp
Mk1(Γ1(N),Qp)[<s] ≤ dimQp Mk1(Γ1(N),Qp)
≤ dimQp MQp = dimQp MQp = rankZp(MZp)free ≤ ℓZp(MZ/ps+1Z) ≤ C
by the Eichler–Shimura isomorphism ([Shi59] 5 The´ore`me 1, [Hid93] 6.3 Theorem 4).
Therefore we may assume k1 ≥ s+ ps+1. Let K/Qp denote the finite Galois subextension
of Qp/Qp generated by eigenvalues of Tp acting on Mk1(Γ1(N),Qp). Put
d0 ≔ dimQp Mk1(Γ1(N),Qp)
<s
d1 ≔ dimQp MQp = dimK MK .
Every eigenvalue of Tp acting on MK is contained in K, and the sum of the dimensions of
the generalised eigenspaces of Tp acting on MK with eigenvalues α satisfying |α| > |p|s
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is greater than or equal to d0 by the Eichler–Shimura isomorphism again. In particular,
we have d0 ≤ d1. Take a basis (ci)d1i=1 of MQp such that the matrix representation of Tp
with respect to (ci)d1i=1 is a Jordan normal form with diagonal (αi)d1i=1. Put V ≔ MK and
F i0V ≔
⊕i0
i=1 Kci ⊂ V for each i0 ∈ N ∩ [0, d1]. The increasing filtration (F iV)d1i=0 is
stable under the action of Tp by the choice of (ci)d1i=1. We denote by OK the valuation
ring of K, and by W ⊂ V the image of MOK . By the functoriality of the action of Tp, W
is a Tp-stable lattice of V . Put F iW ≔ W ∩ F iV for each i ∈ N ∩ [0, d1]. We verify
eKd0 < ℓOK (Tp(W)/(Tp(W) ∩ ps+1W)), where eK ∈ N\{0} is the ramification index of
K/Qp.
For any i ∈ N ∩ [1, d1], we have
ℓOK
(
Tp(griF (W))/(Tp(griF (W)) ∩ ps+1griF (W))
)
= ℓOK
(
αigriF (W)/(αigriF (W) ∩ ps+1griF (W))
)
=
 − log|πK |
∣∣∣∣ αips+1 ∣∣∣∣ (|αi| > |p|s+1)
0 (|αi| ≤ |p|s+1)
,
where πK is a uniformiser of K, and in particular, the inequality
ℓOK (Tp(griF (W))/(Tp(griF (W)) ∩ ps+1griF (W))) > log|πK | |p| = eK
holds for any i ∈ N ∩ [1, d1] with |αi| > |p|s. Since the sum of the dimensions of the
generalised eigenspaces of Tp acting on H1(Γ1(N), Symk1−2(K2, ρK2)) with eigenvalues αi
satisfying |αi| > |p|s is greater than or equal to d0, we obtain
d1∑
i=1
ℓOK
(
Tp(griF (W))/(Tp(griF (W)) ∩ ps+1griF (W))
)
> eKd0.
Therefore it suffices to show
d1∑
i=1
ℓOK
(
Tp(griF (W))/(Tp(griF (W)) ∩ ps+1griF (W))
)
≤ ℓOK (Tp(W)/(Tp(W) ∩ ps+1W)).
Since W is an OK-submodule of a K-vector space V , W is a torsionfree OK-module. Since
(F iW)d1i=0 is induced by the increasing filtration (F iV)d1i=0 of K-vectors spaces, we have
F iW ∩ ps+1W = ps+1F iW for any i ∈ N ∩ [0, d1]. Since (F iW)d1i=0 is induced by the
increasing filtration (F iV)d1i=0 of K-vectors spaces again, griF W is naturally regarded as
an OK-submodule of a K-vector space griF V , and hence is a torsionfree OK-module for
any i ∈ N ∩ [1, d1]. Therefore the exact sequence
0 → F iW → F i+1W → gri+1
F
W → 0
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induces an exact sequence
0 → (F iW)/ps+1 → (F i+1W)/ps+1 → (gri+1
F
W)/ps+1 → 0,
and the commutative diagram
0 −−−−→ F iW −−−−→ F i+1W −−−−→ gri+1
F
W −−−−→ 0
Tp
y Tpy Tpy
0 −−−−→ (F iW)/ps+1 −−−−→ (F i+1W)/ps+1 −−−−→ (gri+1
F
W)/ps+1 −−−−→ 0,
induces a complex
Tp(F iW)/(Tp(F iW) ∩ ps+1W)
֒→ Tp(F i+1W)/(Tp(F i+1W) ∩ ps+1W)
։ Tp(gri+1F W)/(Tp(gri+1F W) ∩ ps+1gri+1F W).
Therefore the inequality
ℓOK
(
Tp(F iW)/(Tp(F iW) ∩ ps+1W)
)
+ℓOK
(
Tp(gri+1F W)/(Tp(gri+1F W) ∩ ps+1gri+1F W)
)
≤ ℓOK
(
Tp(F i+1W)/(Tp(F i+1W) ∩ ps+1W)
)
holds for any i ∈ N ∩ [0, d1 − 1]. As a consequence, we obtain the inequality
ℓOK
(
Tp(W)/(Tp(W) ∩ ps+1W)
)
= ℓOK
(
Tp(F d1W)/(Tp(F d1W) ∩ ps+1W)
)
≥ ℓOK
(
Tp(F d1−1W)/(Tp(F d1−1W) ∩ ps+1W)
)
+ℓOK
(
Tp(grd1F W)/(Tp(grd1F W) ∩ ps+1grd1F W)
)
≥ ℓOK
(
Tp(F d1−2W)/(Tp(F d1−2W) ∩ ps+1W)
)
+
d1∑
i=d1−1
ℓOK
(
Tp(griF W)/(Tp(griF W) ∩ ps+1griF W)
)
≥ ℓOK
(
Tp(F 1W)/(Tp(F 1W) ∩ ps+1W)
)
+
d1∑
i=2
ℓOK
(
Tp(griF W)/(Tp(griF W) ∩ ps+1griF W)
)
≥
d1∑
i=1
ℓOK
(
Tp(griF W)/(Tp(griF W) ∩ ps+1griF W)
)
,
which was what we wanted.
Put W0 ≔ (MZp)free. By the flatness of OK as a Zp-module, the natural OK-linear
homomorphism
OK ⊗Zp
(
Tp(W0)/(Tp(W0) ∩ ps+1W0)
)
→ Tp(W)/(Tp(W) ∩ ps+1W)
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is an isomorphism, and hence we have
ℓZp
(
Tp(W0)/(Tp(W0) ∩ ps+1W0)
)
=
1
eK
ℓOK
(
Tp(W)/(Tp(W) ∩ ps+1W)
)
> d0.
The canonical projection MZp ։ W0 induces a surjective Zp-linear homomorphism
Tp(MZp)/(Tp(MZp) ∩ ps+1MZp) ։ Tp(W0)/(Tp(W0) ∩ ps+1W0), and hence we obtain
ℓZp
(
Tp(MZp)/(Tp(MZp) ∩ ps+1 MZp)
)
≥ ℓZp
(
Tp(W0)/(Tp(W0) ∩ ps+1W0)
)
> d0.
Therefore in order to verify the assertion, it suffices to show
ℓZp
(
Tp(MZp)/(Tp(MZp) ∩ ps+1MZp)
)
≤ ℓZp
(
H1
(
Γ1(N),Lk0−2/ps+1
))
,
where k0 is the unique integer with k0 ∈ N ∩ [s + 1, s + ps] and k1 − k0 ∈ psZ. Since
MZp is finitely generated as a Zp-module, the natural (Z/ps+1Z)-linear Hecke-equivariant
homomorphism
H1
(
Γ1(N),Lk1−2/ps+1
)
→ MZ/ps+1Z
is an isomorphism by the proof of Proposition 2.4. Since k1 ≥ s+ ps+1, we have k1 > k0.
By Lemma 3.4, we have a surjective (Z/ps+1Z)-linear Hecke-equivariant homomorphism
̟s+1k1−2,k0−2 : MZp/p
s+1
։ H1
(
Γ1(N),Lk0−2/ps+1
)
,
and hence
ℓZp
(
H1
(
Γ1(N),Lk0−2/ps+1
))
+ ℓZp(ker(̟s+1k1−2,k0−2)) = ℓZp(MZp/ps+1).
Moreover, the action of Tp on ker(̟s+1k1−2,k0−2) is 0 by the proof of Lemma 3.19, we obtain
ℓZp(ker(̟s+1k1−2,k0−2)) + ℓZp
(
Tp(MZp)/(Tp(MZp) ∩ ps+1MZp)
)
≤ ℓZp(MZp/ps+1).
It ensures the inequality
ℓZp
(
Tp(MZp)/(Tp(MZp) ∩ ps+1MZp)
)
≤ ℓZp
(
H1
(
Γ1(N),Lk0−2/ps+1
))
.
We conclude
d0 ≤ ℓZp
(
H1
(
Γ1(N),Lk0−2/ps+1
))
≤ C.

Definition 3.36. Let R be a ring. A left R-module M is said to be adically finite if there
is an r ∈ R such that r is not a zero divisor and rM is contained in a finitely generated left
R-submodule of M.
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Theorem 3.37. The Λ1-modules M(Γ1(N),Λ1)[<s] and M(Γ1(N), χ,Λ1)[<s] are adically
finite.
The proof is quite similar to that of [Hid93] 7.3 Theorem 1.
Proof. We deal only with M(Γ1(N),Λ1)[<s], because a similar proof with the follow-
ing works for M(Γ1(N), χ,Λ1)[<s]. Since Λ1 is an integral domain by Proposition 3.27,
M(Γ1(N),Λ1)[<s] ⊂ Λ1[[q]] is a torsionfree Λ1-module. We regard M(Γ1(N),Λ1)[<s] as a
Λ1-submodule of Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s]. Let d ∈ N, and assume
dimFrac(Λ1)
(
Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s]
)
≥ d.
Take a system ( fi)i∈N∩[1,d] ∈ (M(Γ1(N),Λ1)[<s])d of Frac(Λ1)-linearly independent ele-
ments. We define a decreasing sequence (Vh)∞h=0 of Frac(Λ1)-vector spaces by setting
Vh0 ≔
(Fi)di=1 ∈ Frac(Λ1)d
∣∣∣∣∣∣∣
d∑
i=1
Fiah( fi) = 0, ∀h ∈ N ∩ [1, h0]

for each h0 ∈ N. Since Frac(Λ1)d is of finite dimension, we have ⋂∞h=0 Vh = Vh0
for some h0 ∈ N ∩ [1,∞]. On the other hand,
⋂∞
h=0 Vh coincides with {0} because
( fi)i∈N∩[1,d] is a system of Frac(Λ1)-linearly independent elements. It implies that the
system ((ah( fi))h0h=0)di=1 ∈ (Λh0+11 )d of d vectors of length h0 + 1 is Frac(Λ1)-linearly inde-
pendent, and hence there is a strictly increasing sequence (h j)dj=1 ∈ (N ∩ [0, h0])d such
that A ≔ (ah j( fi))di, j=1 ∈ Md(Λ1) lies in GLd(Frac(Λ1)).
Put D ≔ det(A) ∈ Λ1\{0}. Since D , 0, there is a ϕ ∈ Ω(Λ1)N∩[2,∞) such that fi(ϕ) ∈
Mwt(ϕ)(Γ1(N),Qp)<s for any i ∈ N ∩ [1, d] and ϕ(D) , 0 because Λ1 is a Λ-adic domain.
In particular, ϕ(A) ≔ (ϕ(ah j( fi)))di, j=1 = (ah j( fi(ϕ)))di, j=1 ∈ Md(Zp) satisfies det(ϕ(A)) =
ϕ(D) , 0, and hence lies in GLd(Qp). It implies that the system ((ah j( fi(ϕ)))dj=1)di=1 ∈ (Zdp)d
of d vectors of length d is Qp-linearly independent. In particular, the system ( fi(ϕ))di=1 is
Qp-linearly independent. It ensures that d is bounded by the constant in Lemma 3.35,
and hence Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s] is a finite dimensional Qp-vector space.
Let d ∈ N denote dimFrac(Λ1)(Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s]) ∈ N. By the argument
above, there is an (( fi)di=1, (h j)dj=1, ϕ) ∈ (M(Γ1(N),Λ1)[<s])d×Nd×Ω(Λ1)N∩[2,∞) such that the
system ( fi)di=1 is Frac(Λ1)-linearly independent, (h j)dj=1 is a strictly increasing sequence,
fi(ϕ) ∈ Mwt(ϕ)(Γ1(N),Qp)<s for any i ∈ N ∩ [1, d], and A ≔ (ah j( fi))di, j=1 ∈ Md(Λ1)
lies in GLd(Frac(Λ1)). Then Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s] =
⊕d
i=1 Frac(Λ1) fi by the
definition of d. Put D ≔ det(A) ∈ Λ1\{0}. We verify DM(Γ1(N),Λ1)[<s] ⊂
⊕d
i=1 Λ1 fi.
Let f ∈ M(Γ1(N),Λ1)[<s]. Since Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s] =
⊕d
i=1 Frac(Λ1) fi, there
is an (Fi)di=1 ∈ Frac(Λ1)d such that
∑d
i=1 Fi fi = f . We obtain a linear equation
A(Fi)di=1 = (ah j( f ))dj=1,
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and hence
D(Fi)di=1 = D(A−1(ah j( f ))dj=1) = (det(A)A−1)(ah j( f ))dj=1 ∈ Λd1.
Thus D f = ∑di=1(DFi) fi ∈⊕di=1 Λ1 fi. We conclude DM(Γ1(N),Λ1)[<s] ⊂⊕di=1 Λ1 fi. 
Corollary 3.38. The following hold:
(i) The Λ1-modulesM(Γ1(N),Λ1)[<s] andM(Γ1(N), χ,Λ1)[<s] are generically finite.
(ii) If Λ1 is Noetherian, thenM(Γ1(N),Λ1)[<s] andM(Γ1(N), χ,Λ1)[<s] are finitely gen-
erated.
(iii) There is a finite subset S ⊂ Ω(Λ1)N∩[2,∞) such that f (ϕ)(q) ∈ Zp[ϕ][[q]] lies in
Mwt(ϕ)(Γ1(N),Zp[ϕ])<s for any f (q) ∈ M(Γ1(N),Λ1)[<s] and ϕ ∈ Ω(Λ1)N∩[2,∞)\S .
(iv) If Λ1 is Noetherian, then the Λ1-modulesM(Γ1(N),Λ1)[<s] andM(Γ1(N), χ,Λ1)[<s]
are closed in Λ1[[q]], and hence are compact Hausdorff topological Λ1-modules
with respect to the relative topologies.
Proof. The assertions (i) and (ii) immediately follow from Theorem 3.37. For the asser-
tion (iii), take a Frac(Λ1)-basis E ⊂ M(Γ1(N),Λ1)[<s] of Frac(Λ1) ⊗Λ1 M(Γ1(N),Λ1)[<s]
and a D ∈ Λ1\{0} such that DM(Γ1(N),Λ1)[<s] ⊂
⊕
f∈E Λ1 f . For each f (q) ∈ E, let
S f ⊂ Ω(Λ1)N∩[2,∞) denote a finite subset such that f (ϕ)(q) lies in Mwt(ϕ)(Γ1(N),Zp[ϕ])<s
for any ϕ ∈ Ω(Λ1)N∩[2,∞)\S f . Let S D denote the support {ϕ ∈ Ω(Λ1)N∩[2,∞) | ϕ(D) = 0} of
D. Since D , 0, S D is a finite set becauseΛ1 is aΛ-adic domain. Set S ≔ S D∪
⋃
f∈E S f ⊂
Ω(Λ1)N∩[2,∞). Let f (q) ∈ M(Γ1(N),Λ1)[<s] and ϕ ∈ Ω(Λ1)N∩[2,∞)\S . Since S contains⋃
f∈E S f , ϕ(D) f (ϕ) = (D f )(ϕ) lies in Mwt(ϕ)(Γ1(N),Zp[ϕ])<s. Since S contains S D, we
have ϕ(D) ∈ Q×p and hence f (ϕ) lies in Mwt(ϕ)(Γ1(N),Zp[ϕ])<s. For the assertion (iv), we
deal only withM(Γ1(N),Λ1)[<s]. Take a finite subset E ⊂ M(Γ1(N),Λ1)[<s] of generators
as a Λ1-module. The Λ1-linear homomorphism
ΛE1 → Λ1[[q]]
(F f ) f∈E 7→
∑
f∈E
F f f
is continuous. Since ΛE1 is compact and Λ1[[q]] is Hausdorff, its imageM(Γ1(N),Λ1)[<s]
is closed. 
We denote by Reg<s(Λ1) the set of all ϕ ∈ Ω(Λ1)N∩[2,∞) such that for any f (q) ∈
M(Γ1(N),Λ1)[<s], f (ϕ)(q) ∈ Zp[ϕ][[q]] lies in Mwt(ϕ)(Γ1(N),Zp[ϕ])<s. By Corollary 3.38
(iii), Ω(Λ1)N∩[2,∞)\Reg<s(Λ1) is a finite set, and hence Reg<s(Λ1) is an infinite set. For
each ϕ ∈ Reg<s(Λ1), we denote by
Mϕ(Γ1(N), χ,Zp[ϕ])[<s] ⊂ Mwt(ϕ)(Γ1(N), ϕ ◦ χ,Zp[ϕ])<s
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the image ofM(Γ1(N), χ,Λ1)[<s] by the specialisation at ϕ, and by
Zp[ϕ]T[<s]ϕ,N,χ ⊂ EndZp[ϕ]
(
Mϕ(Γ1(N), χ,Zp[ϕ])[<s]
)
the commutative Zp[ϕ]-subalgebra generated by Hecke operators. Then T[<s]ϕ,N,χ is a Zp[ϕ]-
algebra finitely generated as a Zp-module, because Mwt(ϕ)(Γ1(N), ϕ◦χ,Zp[ϕ])<s is finitely
generated as a Zp[ϕ]-module and Zp is Noetherian. Let S ⊂ Reg<s(Λ1) be a finite subset.
We denote byΛ1/⋂
ϕ∈S
ker(ϕ)
T[<s]∈S ,N,χ ⊂ EndΛ1/⋂ϕ∈S ker(ϕ)
⊕
ϕ∈S
Mϕ(Γ1(N), χ,Zp[ϕ])

the commutative (Λ1/⋂ϕ∈S ker(ϕ))-subalgebra generated by Tℓ for each prime number ℓ
and S n for each n ∈ N coprime to N. We have a natural embedding Λ1/
⋂
ϕ∈S ker(ϕ) ֒→∏
ϕ∈S Zp[ϕ], and hence Λ1/
⋂
ϕ∈S ker(ϕ) is finitely generated as a Zp-module. Since⊕
ϕ∈S Mwt(ϕ)(Γ1(N), ϕ ◦ χ,Zp[ϕ]) is finitely generated as a (Λ1/
⋂
ϕ∈S ker(ϕ))-module,
(Λ1/⋂ϕ∈S ker(ϕ))T[<s]∈S ,N,χ is finitely generated as a Zp-module. We set
Λ1T
[<s]
N,χ ≔ lim←−
S⊂Reg<s(Λ1)
Λ1/⋂
ϕ∈S
ker(ϕ)
T[<s]∈S ,N,χ,
where S in the limit runs through all finite subsets of Reg<s(Λ1). We regard it as a
profinite (Λ1⊗ˆΛ0Λ0T[<s]N )-algebra by Corollary 1.21.
Proposition 3.39. If Λ1 is Noetherian, then the action of Tℓ for each prime number ℓ and
S n for each n ∈ N coprime to N extends to an action
Λ1T
[<s]
N,χ ×M(Γ1(N), χ,Λ1)[<s] → M(Γ1(N), χ,Λ1)[<s]
continuous with respect to the relative topology ofM(Γ1(N), χ,Λ1)[<s] ⊂ Λ1[[q]].
Proof. By Corollary 3.38 (iv), M(Γ1(N), χ,Λ1)[<s] is a closed Λ1-submodule of Λ1[[q]].
Therefore the assertion holds by a similar argument with that in the proof of Theorem
3.18. 
Proposition 3.40. If Λ1 is Noetherian, then Λ1T[<s]N,χ is a commutative Λ1-algebra finitely
generated as a Λ1-module, and hence is Noetherian.
Proof. By Corollary 3.38 (ii), it suffices to show the injectivity of the Λ1-algebra homo-
morphism
ι : Λ1T
[<s]
N,χ → EndΛ1
(
M(Γ1(N), χ,Λ1)[<s]
)
induced by the action in Proposition 3.39. Let A ∈ ker(ι). Let ϕ ∈ Reg<s(Λ1) and
fϕ(q) ∈ Mϕ(Γ1(N), χ,Zp[ϕ])[<s], and take a lift f (q) ∈ M(Γ1(N), χ,Λ1)[<s] of fϕ(q). Since
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the specialisationM(Γ1(N), χ,Λ1)[<s] → Mϕ(Γ1(N), χ,Zp[ϕ])[<s] is continuous and com-
patible with the action of Tℓ for each prime number ℓ and S n for each n ∈ N coprime to
N, the equality ι(A)( f (q)) = 0 implies that the image of A in Zp[ϕ]T[<s]ϕ,N,χ sends fϕ(q) to 0.
Therefore the image of A in Zp[ϕ]T[<s]ϕ,N,χ is 0. Since the natural homomorphism
Λ1T
[<s]
N,χ →
∏
ϕ∈Reg<s(Λ1)
Zp[ϕ]T[<s]ϕ,N,χ
is injective by the definition of Λ1T[<s]N,χ , we conclude A = 0. Thus ι is injective. 
Corollary 3.41. If Λ1 is Noetherian, then the continuous Λ1-bilinear pairing
Λ1T
[<s]
N,χ ×M(Γ1(N), χ,Λ1)[<s] → Λ1
(A, f (q)) 7→ a1(A f )
is non-degenerate, and it gives Frac(Λ1)-linear isomorphisms
Frac(Λ1) ⊗Λ1 Λ1T[<s]N,χ 
(
Frac(Λ1) ⊗Λ1 M(Γ1(N), χ,Λ1)[<s]
)∨
Frac(Λ1) ⊗Λ1 M(Γ1(N), χ,Λ1) 
(
Frac(Λ1) ⊗Λ1 Λ1T[<s]N,χ
)∨
,
where V∨ denotes the Frac(Λ1)-linear dual HomFrac(Λ1)(V) for a Frac(Λ1)-vector space V.
Proof. The first assertion implies the second assertion by Proposition 3.27, Corollary
3.38 (ii), and Proposition 3.40, because M(Γ1(N), χ,Λ1)[<s] is a torsionfree Λ1-module.
Let A ∈ Λ1T[<s]N,χ with a1(A f ) = 0 for any f (q) ∈ M(Γ1(N), χ,Λ1)[<s]. Let f (q) ∈
M(Γ1(N), χ,Λ1)[<s]. For any h ∈ N\{0}, we have ah(A f ) = a1(ThA f ) = a1(A(Th f )) = 0.
It implies that A f is a constant. Since there is no nontrivial modular form which is a
constant, A f = 0. Therefore the proof of Proposition 3.40 ensures A = 0. Thus the
pairing is right non-degenerate. Let f (q) ∈ M(Γ1(N), χ,Λ1)[<s] with a1(A f ) = 0 for any
A ∈ Λ1T[<s]N,χ . For any h ∈ N\{0}, we have ah( f ) = a1(Th f ) = 0. It implies that f is a
constant. Since there is no nontrivial modular form which is a constant, f = 0. Thus the
pairing is left non-degenerate. 
A Λ1-adic form f (q) of level N is said to be a Λ1-adic eigenform of level N if f (q) ,
0 and for any Hecke operator T , there is a λ f (T ) ∈ Λ1 such that (T − λ f (T )) f (q) =
0. Such a system (λ f (T ))T is unique because Λ1 is an integral domain by Proposition
3.27. It is obvious that the specialisations of a Λ1-adic eigenform of level N at all but
finitely many ϕ ∈ Ω(Λ1)N∩[2,∞) are eigenforms over Zp of level N, but we do not know
when the converse holds. A Λ1-adic form f (q) of level N is said to be a Λ1-adic cusp
form of level N if f (ϕ)(q) is a cuspidal eigenform over Qp of level N for all but finitely
many ϕ ∈ Ω(Λ1)N∩[2,∞). A Λ1-adic eigenform f (q) of level N is said to be normalised
if a1( f ) = 1, and is said to be a Λ1-adic cuspidal eigenform of level N if f is a Λ1-adic
cusp form of level N. Let f (q) be a Λ1-adic cuspidal eigenform of level N. Suppose
that f is normalised. We have λ f (Th) = ah( f ) = a1(Th f ) for any h ∈ N\{0}, and hence
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f (q) = ∑∞h=1 λ f (Th)qh. Thus f is explicitly determined by the system (λ f (T ))T . Suppose
that f is not necessarily normalised. We have a0( f ) = 0 and a1( f )Th f = ah( f ) f for
any h ∈ N\{0} by definition. It implies that a1( f ) , 0, ah( f ) ∈ a1( f )Λ1 for any h ∈ N,
and λ f (Th) = a1( f )−1ah( f ) for any h ∈ N\{0}. Therefore a1( f )−1 f is a normalised Λ1-
adic cuspidal eigenform of level N. Thus every Λ1-adic cuspidal eigenform of level N
is given as a f (q) for a unique pair (a, f ) of a constant a ∈ Λ1 and a normalised Λ1-
adic cuspidal eigenform f of level N. Now we show a relation between normalised Λ1
cuspidal eigenforms of level N and a continuous Λ1-algebra homomorphisms Λ1T[<s]N,χ →
Λ1.
Proposition 3.42. If Λ1 is Noetherian, then for any Λ1-adic eigenform f (q) of level N
with character χ locally of slope < s, there is a unique continuousΛ1-algebra homomor-
phism λ f : Λ1T[<s]N,χ → Λ1 extending the system (λ f (T ))T .
Proof. Let A ⊂ Λ1T[<s]N,χ be a Λ1-subalgebra generated by Tℓ for each prime number ℓ
and S n for each n ∈ N coprime to N. Then A is a dense Λ1-subalgebra of Λ1T[<s]N,χ by
the definition of the inverse limit topology. It implies the uniqueness of λ f because Λ1
is Hausdorff. We define λ f by setting λ f (A) ≔ a1(A f ) for each A ∈ Λ1T[<s]N,χ , where A f
is given by the action defined in Proposition 3.39. Then λ f is continuous, and since f is
a Λ1-adic eigenform of level N, λ f |A is a Λ1-algebra homomorphism. It implies that λ f
is a Λ1-algebra homomorphism extending (λ f (T ))T by the continuity of the addition and
the multiplication of Λ1T[<s]N,χ . 
Thus a normalised Λ1-adic eigenform of level N with character χ locally of slope < s
is regarded as a continuous Λ1-algebra homomorphism Λ1T[<s]N,χ → Λ1 in the case where
Λ1 is Noetherian. The converse correspondence is a little more complicated.
Proposition 3.43. If Λ1 is Noetherian, then for any continuous Λ1-algebra homomor-
phism λ : Λ1T[<s]N,χ → Λ1, there are some a ∈ Λ1\{0} and f (q) ∈ M(Γ1(N), χ,Λ1)[<s] such
that aλ(A) = a1(A f ) for any A ∈ Λ1T[<s]N,χ . In addition, if f can be taken as a cusp form,
then there uniquely exists a normalised Λ1-adic cuspidal eigenform fλ(q) of level N with
character χ locally of slope < s with λ = λ fλ .
Proof. By Corollary 3.41, there uniquely exists an fλ ∈ Frac(Λ1) ⊗Λ1 M(Γ1(N), χ,Λ1)[<s]
such that for any a ∈ Λ1\{0} and f ∈ M(Γ1(N), χ,Λ1)[<s] with a−1 ⊗ f = fλ, the equality
a−1a1(A f ) = λ(A) holds for any A ∈ Λ1T[<s]N,χ .
Suppose that f can be taken as a cusp form. We have a0( f ) = 0 and ah( f ) = a1(Th f ) =
aλ(Th) ∈ aΛ1 for any h ∈ N\{0}, and in particular, the equality a1( f ) = aλ(1) = a holds.
Therefore fλ lies in the image of M(Γ1(N), χ,Λ1)[<s]. Namely, fλ = ∑∞h=1 λ(Th)qh ∈
M(Γ1(N), χ,Λ1)[<s]. Let A ∈ Λ1T[<s]N,χ . We have
ah(A fλ) = a1(ThA fλ) = aλ(ThA) = aλ(Th)λ(A) = λ(A)ah( fλ)
for any h ∈ N\{0}, and hence A fλ − λ(A) fλ is a constant. Since there is no non-trivial
modular form which is a constant, we obtain A fλ = λ(A) fλ. In particular, the equality
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S n fλ = λ(S n) f = λ(χ(n + NZ)) f = χ(n + NZ) f holds for any n ∈ N coprime to N. Thus
fλ is a normalisedΛ1-adic cuspidal eigenform of level N with character χ locally of slope
< s with λ fλ = λ.
Let f (q) be a normalised Λ1-adic eigenform fλ(q) of level N with character χ locally
of slope < s with λ = λ f . Then we have ah( f ) = λ f (Th) = λ(T f ) = ah( fλ) for any
h ∈ N\{0}. It implies that f − fλ is a constant. Since there is no non-trivial modular
form which is a constant, we obtain f = fλ. We conclude that fλ is a unique normalised
Λ1-adic eigenform of level N with character χ locally of slope < s with λ = λ fλ . 
We would like to add the element psT−1p to Λ1T
[<s]
N,χ . However, the endomorphism
on Qp ⊗Zp M(Γ1(N), χ,Λ1)[<s] given by Tp seems not to be invertible, because an en-
domorphism on an infinite dimensional compactly generated topological vector space
with infinitely many points on the resolvent is never diagonalisable. Therefore for a
ϕ ∈ Reg<s(Λ1), we do not know whether or not the operator Tp is invertible in Qp ⊗Zp
Mϕ(Γ1(N), χ,Zp[ϕ])[<s], and hence we can not regard psT−1p as an element of Qp ⊗Zp
EndQp(Mϕ(Γ1(N), χ,Zp[ϕ])[<s]). Imitating the result of Proposition 1.42, we set
Zp[ϕ]T<sϕ,N,χ ≔
(
Zp[ϕ]T[<s]ϕ,N,χ[X]/(TpX − ps)
)
free
for each ϕ ∈ Reg<s(Λ1). Since Zp[ϕ]T[<s]ϕ,N,χ is a Zp-algebra finitely generated as a Zp-
module, so is Zp[ϕ]T<sϕ,N,χ by a similar argument with that in §1.3. For each finite subset
S ⊂ Reg<s(Λ1), we denote byΛ1/⋂
ϕ∈S
ker(ϕ)
T<s∈S ,N,χ ⊂∏
ϕ∈S
Zp[ϕ]T<sϕ,N,χ
the commutative (Λ1/⋂ϕ∈S ker(ϕ))-subalgebra generated by (Tℓ)ϕ∈S for each prime num-
ber ℓ, (S n)ϕ∈S for each n ∈ N coprime to N, and (psT−1p )ϕ∈S . We set
Λ1T
<s
N,χ ≔ lim←−
S⊂Reg<s(Λ1)
Λ1/⋂
ϕ∈S
ker(ϕ)
T<s∈S ,N,χ,
where S in the limit runs through all finite subsets of Reg<s(Λ1). We regard it as a
profinite Λ1⊗ˆΛ0Λ0T<sN -algebra by Corollary 1.21.
Proposition 3.44. The continuous Λ1T[<s]N,χ -algebra homomorphism
Λ1T
[<s]
N,χ [[X]] → Λ1T<sN,χ
X 7→ psT−1p
is surjective.
Proof. The assertion can be easily verified by a similar argument in the proof of Propo-
sition 1.43. 
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Corollary 3.45. If Λ1 is Noetherian, then so is Λ1T<sN,χ.
We note that every continuousΛ1-algebra homomorphism λ : Λ1T[<s]N,χ → Λ1 uniquely
extends to a Λ1-algebra homomorphism
Λ1T
[<s]
N,χ [X]/(TpX − ps) → Frac(Λ1)
X 7→ psλ(Tp)−1
but does not necessarily extend to a Λ1-algebra homomorphism Λ1T<sN,χ → Frac(Λ1)
because the image of psT−1p in Frac(Λ1) does not necessarily topologically nilpotent even
if one equips Frac(Λ1) with suitable topologies.
Definition 3.46. A Λ1-adic family of systems of Hecke eigenvalues of level N with char-
acter χ of slope < s is a continuous Λ1-algebra homomorphism Λ1T<sN,χ → Λ1.
Definition 3.47. A Λ1-adic eigenform f (q) of level N with character χ is said to be of
slope < s if psa1( f ) ∈ ap( f )Λ1.
Suppose that Λ1 is Noetherian. For a normalised Λ1-adic eigenform f (q) of level N
with character χ of slope < s, the homomorphism
Λ1T
[<s]
N,χ [[X]] → Λ1
∞∑
m=0
AmXm 7→ a1
 ∞∑
m=0
(psap( f )−1)mAm f

induces a Λ1-adic family λ f : Λ1T<sN,χ → Λ1 of systems of Hecke eigenvalues of level N
with character χ of slope < s by a similar argument with that in the proof of Proposition
3.42. Thus a normalised Λ1-adic eigenform of level N of slope < s is naturally identified
with a Λ1-adic family of systems of Hecke eigenvalues of level N of slope < s.
A Λ1-adic family λ : Λ1T<sN,χ → Λ1 of systems of Hecke eigenvalues of level N with
character χ of slope < s is said to be a Λ1-adic cuspidal family of systems of Hecke
eigenvalues of level N with character χ of slope < s if the formal power series
fλ ≔
∞∑
h=1
λ(Th)qh
is a normalised Λ1-adic eigenform of level N with character χ of slope < s such that
fλ(ϕ)(q) is a cusp form over Zp[ϕ] of weight wt(ϕ) and level N for all but finitely many
ϕ ∈ Ω(Λ1)N∩[2,∞). A Λ1-adic form f (q) of level N with character χ of slope < s is
said to be a normalised Λ1-adic cuspidal eigenform of level N with character χ of slope
< s if there is a cuspidal Λ1-adic family λ f of systems of Hecke eigenvalues of level N
with character χ of slope < s such that f = fλ f . The family λ f is unique by a similar
argument in the proof of Proposition 3.42. By definition, the notion of a normalised Λ1-
adic cuspidal eigenform of level N with character χ of slope < s is equivalent to that of a
cuspidal Λ1-adic family of systems of Hecke eigenvalues of level N with character χ of
slope < s even if Λ1 is not Noetherian.
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3.4 p-adic Family of Galois Representations of Finite Slope
Henceforth, we fix an algebraic closure Qℓ of Qℓ and an isomorphism ιℓ,∞ : Qℓ
∼→ C,
and regard Gal(Qℓ/Qℓ) as a closed subgroup of Gal(Q/Q) through the embedding ι−1ℓ,∞ ◦
ι0,∞ : Q ֒→ Qℓ for each prime number ℓ coprime to N. We also regard Gal(C/R) as a
closed subgroup of Gal(Q/Q) through the embedding ι0,∞ : Q ֒→ C.
We denote by Q(Gm[N]) ⊂ Q the subfield generated by a primitive N-th root of unity.
We regard each Dirichlet character ǫ : (Z/NZ)× → Q×p as the continuous character on
Gal(Q/Q) given as the composite
Gal(Q/Q) ։ Gal(Q/Q)/Gal(Q/Q(Gm[N]))  Gal(Q(Gm[N](Q))/Q)
∼→ (Z/NZ)× ǫ→ Q×p .
Let k0 ∈ N ∩ [2,∞). For any normalised cuspidal eigenform f (q) over Qp of weight k0
and level N with character ǫ, by [Shi71] Theorem 7.24 for weight 2 and [Del69] N◦ 3-4
for general weights ≥ 2, there is a 2-dimensional irreducible continuous representation
V f of Gal(Q/Q) over Qp( f ) called the Galois representation associated to f satisfying
the following:
(i) The restriction V f |Gal(C/R) is odd, i.e. the complex conjugate ϕ∞ ∈ Gal(C/R) satis-
fies det(ϕ∞ | V f ) = −1.
(ii) The restriction V f |Gal(Qℓ/Qℓ) is unramified, i.e. the inertia subgroup of Gal(Qℓ/Qℓ)
acts trivially on V f for any prime number ℓ coprime to N.
(iii) Every lift ϕℓ ∈ Gal(Qℓ/Qℓ) of the ℓ-th Frobenius satisfies det(X − ϕ−1ℓ | V f ) =
X2 − ap( f )X + ℓk0−1ǫ(ℓ + NZ) for any prime number ℓ coprime to N.
We remark that such a representation is unique up to isomorphism by Chebotarev’s den-
sity theorem ([Tsc26] Hauptsatz p. 195) and [Car94] The´ore`me 1. B. H. Gross proved
that for any normalised cuspidal eigenform f (q) overQp of weight 2 and level N, the quo-
tient of the rational Tate module of the Jacobian of Y1(N) by the (Qp⊗Zp Tk0,N)-submodule
generated by ker(λ f ) = AnnTk0 ,N ( f ) is naturally isomorphic to V f twisted by ǫ−1 in the
proof of [Gro90] Theorem 11.4. To begin with, we verify an immediate generalisation of
this construction.
Theorem 3.48. Let k0 ∈ N ∩ [2,∞). For any normalised cuspidal eigenform f (q) over
Qp of weight k0 and level N with character ǫ, the quotient H f of
H1e´t
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Qp)E1(N)
))
by the (Qp ⊗Zp Tk0,N)-submodule generated by ker(λ f ) is naturally isomorphic to V f
twisted by ǫ−1.
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Proof. For a commutative ring R, a commutative R-algebra A, and a scheme Y over
Spec(R), we put YA ≔ Y ×Spec(R) Spec(A). We denote by Y1(N)′ the moduli of pairs (E, α)
of an elliptic curve E and a primitive N-torsion α ∈ E[N], and by π′N : E1(N)′ → Y1(N)′
the universal elliptic curve. We put
H ≔ H
1
e´t
(
Y1(N)Q, Symk0−2
(
R1(πN)∗(Zp)E1(N)
))
H
′
≔ H
1
e´t
(
Y1(N)′
Q
, Symk0−2
(
R1(π′N)∗(Zp)E1(N)′
))
.
For each primitive N-th root ζ ∈ Q(Gm[N])× of unity, we consider the isomorphism
ιζ : (Z/NZ)Q(Gm[N]) → Gm[N]Q(Gm[N]) of group schemes over Q(Gm[N]) given by the
Q(Gm[N])-algebra isomorphism
Q(Gm[N])[XN]/(PN(XN)) → Q(Gm[N])Z/NZ
XN 7→ (ζ i)i+NZ∈Z/NZ
and the natural equivalence
ψζ : Y1(N)Q(Gm[N]) → Y1(N)′Q(Gm[N])
(E, β) 7→ (E, β ◦ ιζ)
between moduli, where PN(XN) ∈ Q[XN] is the N-th cyclotomic polynomial as in §2.2.
For each primitive N-th root ζ ∈ Q(Gm[N])× of unity, ψζ yields an identification of
E1(N)Q(Gm[N]) and E1(N)′Q(Gm[N]), and hence we obtain a Qp-linear Gal(Q/Q(Gm[N]))-
equivariant isomorphism
Ψζ : ResGal(Q/Q)Gal(Q/Q(Gm[N]))
(
Qp ⊗Zp H
)
 ResGal(Q/Q)
Gal(Q/Q(Gm[N]))
(
Qp ⊗Zp H ′
)
,
and the isomorphism is Hecke-equivariant by the Eichler–Shimura isomorphism ([Shi59]
5 The´ore`me 1, [Hid93] 6.3 Theorem 4) because both of the analytifications of Y1(N)C and
Y1(N)′C are biholomorphic to Γ1(N)\H. Therefore ResGal(Q/Q)Gal(Q/Q(Gm[N]))(H f ) is isomorphic to
ResGal(Q/Q)
Gal(Q/Q(Gm[N]))
(V f ) by [Del69] N◦ 3-4.
Let ζN ∈ Q(Gm[N])× be a primitive N-th root of unity. For each ϕ ∈ Gal(Q/Q), we de-
note by ϕ∗Q the Q-algebra which shares the underlying ring withQ and whose Q-algebra
structure is given by ϕ, and by 〈ϕ〉 the diamond operator 〈nϕ〉 regarded as a correspon-
dence on Y1(N), where nϕ ∈ (Z/NZ)× is the image of ϕ by the natural homomorphism
Gal(Q/Q) ։ Gal(Q/Q)/Gal(Q/Q(Gm[N]))  Gal(Q(Gm[N])/Q)  (Z/NZ)×
Now Qp⊗Zp H and Qp⊗Zp H ′ are finitely generated (Qp⊗Zp Tk0 ,N)-module with (Qp⊗Zp
Tk0,N)-linear actions of Gal(Q/Q). For any ϕ ∈ Gal(Q/Q), the composite
Y1(N)Q
ψζ−→ Y1(N)′
Q
idY1(N)′×ϕ−−−−−−→ Y1(N)′(ϕ−1)∗Q
ψ−1
ζ−−→ Y1(N)(ϕ−1)∗Q
idY1(N)×ϕ−1−−−−−−−→ Y1(N)Q
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is given by the natural transform
(E, β) 7→ (E, β ◦ ιζ) id7→ (E, β ◦ ιζ) 7→
(
E, β ◦ ιζ ◦ ι−1ϕ(ζ)
) id7→ (E, β ◦ ιζ ◦ ι−1ϕ(ζ))
=
(
E, β ◦ ιζ ◦ ι−1ζnϕ
)
=
(
E, βn−1ϕ
)
,
between moduli over Q, and hence coincides with the correspondence 〈ϕ〉−1. It implies
thatΨζN gives a (Qp⊗Zp Tk0 ,N)-linear Gal(Q/Q)-equivariant isomorphism between H and
H ′ twisted by the character
Gal(Q/Q) → Qp ⊗ T×k0,N
ϕ 7→ 1 ⊗ 〈ϕ〉−1.
Thus H f is isomorphic to V f twisted by ǫ−1 as aQp( f )-linear representation of Gal(Q/Q).

As in §3.3, letΛ1 be aΛ-adic domain, and χ a group homomorphism (Z/NZ)× → Λ×1 .
Henceforth, we regard χ as the continuous character on Gal(Q/Q) given as the composite
Gal(Q/Q) ։ Gal(Q/Q)/Gal(Q/Q(Gm[N]))  Gal(Q(Gm[N])/Q)
∼→ (Z/NZ)× χ→ Λ×1 .
Let ̟N,χ,Λ1 : Λ0T<sN → Λ1T<sN,χ denote the natural homomorphism. For a normalised Λ1-
adic cuspidal eigenform f (q) of level N with character χ of slope < s, following a similar
convention to that in Example 1.18, we put
H
<s
f ≔
(
Λ1, λ f
)
⊗Λ1T<sN,χ
(
Λ1T
<s
N,χ, ̟N,χ,Λ1
)
⊗Λ0T<sN
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)
and regard it as a profinite Λ1[Gal(Q/Q)]-module, which is finitely generated as a Λ1-
module by Theorem 3.20.
Lemma 3.49. Suppose ps | N. For any normalised Λ1-adic cuspidal eigenform f (q) of
level N of slope < s, Frac(Λ1) ⊗Λ1 H <sf is a 2-dimensional representation of Gal(Q/Q)
over Frac(Λ1).
Proof. By Theorem 3.20, Frac(Λ1) ⊗Λ1 H <sf is a finite dimensional Frac(Λ1)-vector
space. Put d ≔ dimFrac(Λ1)(Frac(Λ1)⊗Λ1 H <sf ) < ∞. It suffices to verify d = 2. Since f is
a normalised Λ1-adic cuspidal eigenform, there is a finite subset S ⊂ Ω(Λ1)N∩[2,∞) such
that f (ϕ)(q) is a normalised cuspidal eigenform over Qp of weight wt(ϕ) and level N for
any ϕ ∈ Ω(Λ1)N∩[2,∞)\S . Let ϕ ∈ Ω(Λ1)N∩[2,∞)\S . We have
f (ϕ)(q) =
∞∑
h=1
ϕ(ah( f ))qh =
∞∑
h=1
ϕ(λ f (Th))qh =
∞∑
h=1
(ϕ ◦ λ f )(Th)qh.
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Since f (ϕ) is a normalised cuspidal eigenform overQp of weight wt(ϕ) and level N, there
is a Zp-algebra homomorphism λ f (ϕ) : Twt(ϕ),N → Zp such that f (ϕ) = ∑∞h=1 λ f (ϕ)(Th)qh by
the duality ([Hid93] 5.3 Theorem 1). Since f (ϕ) is of slope < s, we have |ap( f (ϕ))| > |p|s,
and hence λ f (ϕ) uniquely extends to a Zp[ϕ]-algebra homomorphism λ f (ϕ) : Zp[ϕ]T<sϕ,N,χ →
Zp by Proposition 1.42 and the duality again. By the definition of λ f (ϕ), λ f (ϕ)(T<swt(ϕ),N) is
a Zp-subalgebra of λ f (ϕ)(Zp[ϕ]T<sϕ,N,χ) = (ϕ ◦ λ f )(Λ1T<sN,χ) = ϕ(Λ1). Let ̟ϕ : Λ1T<sN,χ ։
Zp[ϕ]T<sϕ,N,χ denote the canonical projection. We have
(ϕ ◦ λ f )(Th) = ah( f (ϕ)) = λ f (ϕ)(Th) = λ f (ϕ)(̟ϕ(Th)) = (λ f (ϕ) ◦̟ϕ)(Th)
for any h ∈ N\{0},
(ϕ ◦ λ f )(S n) = ϕ(λ f (χ(n + NZ))) = (ϕ ◦ χ)(n + NZ) = λ f (ϕ)(S n) = λ f (ϕ)(̟ϕ(S n))
= (λ f (ϕ) ◦̟ϕ)(S n)
for any n ∈ N coprime to N, and
(ϕ ◦ λ f )(psT−1p ) = ps(ϕ ◦ λ f )(Tp)−1 = psλ f (ϕ)(Tp)−1
= λ f (ϕ)(psT−1p ) = λ f (ϕ)(̟ϕ(psT−1p )) = (λ f (ϕ) ◦̟ϕ)(psT−1p ).
Since these operators generate a dense Λ1-subalgebra of Λ1T<sN,χ by the definition of the
inverse limit topology, we obtain ϕ ◦ λ f = λ f (ϕ) ◦̟ϕ. In particular, we get an inclusion
Λ1T
<s
N,χP
<s
wt(ϕ) ⊂ ker(̟ϕ) ⊂ ker(ϕ ◦ λ f )
of ideals of Λ1T<sN,χ. By Lemma 3.23, we obtain
(Λ1/ ker(ϕ)) ⊗Λ1 H <sf  (ϕ(Λ1), ϕ) ⊗Λ1 H <sf
 (ϕ(Λ1), ϕ) ⊗Λ1
(
Λ1, λ f
)
⊗Λ1T<sN,χ
(
Λ1T
<s
N,χ, ̟N,χ,Λ1
)
⊗Λ0T<sN
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)

(
ϕ(Λ1), ϕ ◦ λ f
)
⊗Λ1T<sN,χ
(
Λ1T
<s
N,χ, ̟N,χ,Λ1
)
⊗Λ0T<sN
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)

(
ϕ(Λ1), λ f (ϕ) ◦̟ϕ
)
⊗Λ1T<sN,χ
(
Λ1T
<s
N,χ, ̟N,χ,Λ1
)
⊗Λ0T<sN
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)

(
ϕ(Λ1), λ f (ϕ) ◦̟ϕ
)
⊗Λ1T<sN,χ/Λ1T<sN,χP<swt(ϕ)
(
Λ1T
<s
N,χ/Λ1T
<s
N,χP
<s
wt(ϕ), ̟N,χ,Λ1
)
⊗Λ0T<sN /P<swt(ϕ)
(
Λ0T
<s
N /P
<s
wt(ϕ)
)
⊗Λ0T<sN
(∫
⊞
Zp
H
1
et
(
Y1(N)Q,Fk−2
)<s
dk
)

(
ϕ(Λ1), λ f (ϕ) ◦̟ϕ
)
⊗Λ1T<sN,χ/Λ1T<sN,χP<swt(ϕ)
(
Λ1T
<s
N,χ/Λ1T
<s
N,χP
<s
wt(ϕ), ̟N,χ,Λ1
)
⊗Λ0T<sN /P<swt(ϕ)H 1et
(
Y1(N)Q,Fwt(ϕ)−2
)<s
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(
ϕ(Λ1), λ f (ϕ)
)
⊗T<s
wt(ϕ),N/ ker(λ f (ϕ))
(
T<swt(ϕ),N/ ker(λ f (ϕ))
)
⊗T<s
wt(ϕ),N H
1
et
(
Y1(N)Q,Fwt(ϕ)−2
)<s
 ϕ(Λ1) ⊗λ f (ϕ)(T<swt(ϕ),N )
(
λ f (ϕ)(T<swt(ϕ),N), λ f (ϕ)
)
⊗T<s
wt(ϕ),N H
1
et
(
Y1(N)Q,Fwt(ϕ)−2
)<s
,
and hence putting V ≔ Qp ⊗Zp H <sf and Qp[ϕ] ≔ Qp ⊗Zp Zp[ϕ], we get(
Qp[ϕ], idQp ⊗ ϕ
)
⊗Qp⊗ZpΛ1 V 
((
Qp ⊗Zp Λ1
)
/ ker(idQp ⊗ ϕ)
)
⊗Qp⊗ZpΛ1 V
 Qp ⊗Zp (Λ1/ ker(ϕ)) ⊗Λ1 H <sf
 Qp ⊗Zp ϕ(Λ1) ⊗λ f (ϕ)(T<swt(ϕ),N )
(
λ f (ϕ)(T<swt(ϕ),N), λ f (ϕ)
)
⊗T<swt(ϕ),N H 1et
(
Y1(N)Q,Fwt(ϕ)−2
)<s
 Qp[ϕ] ⊗Qp( f (ϕ))
(
Qp( f (ϕ)), idQp ⊗ λ f (ϕ)
)
⊗Qp⊗Zp T<swt(ϕ),N H1et
(
Y1(N)Q, Symwt(ϕ)−2
(
R1(πN)∗(Qp)E1(N)
))<s
by Remark 3.22, where Qp( f (ϕ)) is the p-adic Hecke field Qp ⊗Zp λ f (ϕ)(T<sϕ,N,χ) associ-
ated to f (ϕ) introduced in §1.3. The last term is the base change by the finite extension
Qp[ϕ]/Qp( f (ϕ)) of the Galois representation associated to f (ϕ) twisted by χ−1 by Theo-
rem 3.48.
We regard Qp ⊗Zp Λ1 as a Λ1-subalgebra of Frac(Λ1), and identify V with the (Qp ⊗Zp
Λ1)-submodule (Qp ⊗Zp Λ1)⊗Λ1 H <sf of Frac(Λ1)⊗Λ1 H <sf . Take a Frac(Λ1)-linear basis
E = {ci | i ∈ N ∩ [1, d]} ⊂ V of Frac(Λ1) ⊗Λ1 H <sf . We consider a (Qp ⊗Zp Λ1)-linear
homomorphism
ι : (Qp ⊗Zp Λ1)d → V
(Fi)di=1 7→
d∑
i=1
Fici.
Since E is a set of Frac(Λ1)-linearly independent elements, ι is injective. Since V is
finitely generated as a (Qp ⊗Zp Λ1)-module and E generates Frac(Λ1) ⊗Λ1 H <sf as a
Frac(Λ1)-vector space, coim(ι) is a torsion (Qp ⊗Zp Λ1)-module with non-trivial anni-
hilators. Let D ∈ (Qp⊗Zp Λ1)\{0} be an annihilator of coim(ι). Put C ≔ Spec(Qp ⊗Zp Λ1).
We denote by A ⊂ Frac(Λ1) the localisation (Qp ⊗Zp Λ1)[D−1], and by U ⊂ C the image
of the open immersion Spec(A ) ֒→ C. Then ι induces an A -linear homomorphism
ιU : A
d → A ⊗Qp⊗ZpΛ1 V
(Fi)di=1 7→
d∑
i=1
Fici.
The right exactness of the functor A ⊗Qp⊗ZpΛ1 (·) ensures coim(ιU)  A ⊗Qp⊗ZpΛ1 coim(ι) 
0. Since V ⊂ Frac(Λ1)⊗Λ1 H <sf is a torsionfree (Qp⊗ZpΛ1)-module, the natural A -linear
homomorphism A ⊗Qp⊗ZpΛ1 V → Frac(Λ1) ⊗Qp⊗ZpΛ1 V  Frac(Λ1) ⊗Λ1 H <sf is injective,
and hence ιU is injective. It implies that ιU is an A -linear isomorphism. Since D , 0,
there is a ϕ ∈ Reg<s(Λ1) with ϕ(D) , 0. The specialisation
idQp ⊗ ϕ : Qp ⊗Zp Λ1 → Qp ⊗Zp Zp[ϕ] = Qp[ϕ]
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c ⊗ F 7→ cϕ(F)
induces a Qp[ϕ]-linear homomorphism
ιϕ : Qp[ϕ]d →
(
Qp[ϕ], idQp ⊗ ϕ
)
⊗Qp⊗ZpΛ1 V
(αi)di=1 7→
d∑
i=1
αici.
Since ϕ(D) , 0, idQp ⊗ϕ factors through A by the universality of the localisation. There-
fore the bijectivity of ιU ensures that of ιϕ, because A d is a free A -module. The target
of ιϕ is isomorphic to the Galois representation associated to f (ϕ)(q) over Qp[ϕ] twisted
by ǫ−1, and hence we obtain d = 2. 
Let X be a topological space. For each x ∈ X, we denote by Qp(x) the C(X,Qp)-
algebra of dimension 1 as a Qp-vector space given as the quotient of C(X,Qp) by the
maximal ideal {F ∈ C(X,Qp) | F(x) = 0}. Let G be a monoid. For a C(X,Qp)-module M
endowed with a C(X,Qp)-linear action of G, we call Qp(x)⊗C(X,Qp) M the specialisation of
M at x, and regard it as a Qp-linear representation of G. In the case where X is a subspace
of Reg<s(Λ1), for a ϕ ∈ X, we hope that a reader does not confuse Qp(ϕ) with Qp[ϕ]. In
this case, we regard C(X,Qp) as a Λ1-algebra in a similar way with that introduced after
Proposition 3.28.
Definition 3.50. We denote by V<sf the profinite Λ1[Gal(Q/Q)]-module which shares the
underlying topological Λ1-module with H <sf and on which the action of Gal(Q/Q)] is
given by that on H <sf twisted by χ.
Theorem 3.51. Suppose ps | N. Then there is a finite subset Σs ⊂ Ω(Λ1)N∩[2,∞) satis-
fying the following for any normalised Λ1-adic cuspidal eigenform f (q) of level N with
character χ of slope < s:
(i) For any ϕ ∈ Ω(Λ1)N∩[2,∞)\Σs, f (ϕ)(q) is a normalised cuspidal eigenform over
Zp[ϕ] of weight wt(ϕ) and level N with character χ of slope < s.
(ii) The C(Ω(Λ1)N∩[2,∞)\Σs,Qp)-module
V<sf |Ω(Λ1)N∩[2,∞)\Σs ≔ C
(
Ω(Λ1)N∩[2,∞)\Σs,Qp
)
⊗Λ1 V<sf
endowed with a C(Ω(Λ1)N∩[2,∞)\Σs,Qp)-linear action of Gal(Q/Q) is free of rank 2
as a C(Ω(Λ1)N∩[2,∞)\Σs,Qp)-module.
(iii) For any ϕ ∈ Ω(Λ1)N∩[2,∞)\Σs, the specialisation
Qp(ϕ) ⊗C(Ω(Λ1)N∩[2,∞)\Σs,Qp) V
<s
f |Ω(Λ1)N∩[2,∞)\Σs
of V<sf |Ω(Λ1)N∩[2,∞)\Σs at ϕ is naturally isomorphic to the Galois representation asso-
ciated to f (ϕ)(q) over Qp.
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Proof. Normalised Λ1-adic cuspidal eigenforms of level N with character χ of slope
< s are Frac(Λ1)-linearly independent because they are simultaneous eigenvectors of
Frac(Λ1)-linear operators {Th | h ∈ N\{0}} with pairwise distinct systems of eigenvalues.
By Corollary 3.38 (i), Frac(Λ1) ⊗Λ1 M(Γ1(N), χ,Λ1)[<s] is a finite dimensional Frac(Λ1)-
vector space, and hence there are at most finitely many normalised Λ1-adic cuspidal
eigenforms of level N with character χ of slope < s. Therefore it suffices to verify that
for any normalised Λ1-adic cuspidal eigenform f (q) of level N with character χ of slope
< s, there is a finite subset S 0 ⊂ Ω(Λ1)N∩[2,∞) such that f (ϕ)(q) is a normalised cuspidal
eigenform over Zp[ϕ] of weight wt(ϕ) and level N with character χ of slope < s for
any ϕ ∈ Ω(Λ1)N∩[2,∞)\S 0, and for any finite subset S ⊂ Ω(Λ1)N∩[2,∞) containing S 0, the
C(Ω(Λ1)N∩[2,∞)\S ,Qp)-module
H
<s
f |Ω(Λ1)N∩[2,∞)\S ≔ C
(
Ω(Λ1)N∩[2,∞)\S ,Qp
)
⊗Λ1 H <sf
is free of rank 2 as a C(Ω(Λ1)N∩[2,∞)\S ,Qp)-module, and its specialisation
Qp(ϕ) ⊗C(Ω(Λ1)N∩[2,∞)\S ,Qp) H <sf |Ω(Λ1)N∩[2,∞)\S
is naturally isomorphic to the Galois representation associated to f (ϕ)(q) overQp twisted
by the character on Gal(Q/Q) induced by ϕ ◦ χ for any ϕ ∈ Ω(Λ1)N∩[2,∞)\S .
Let S 1 ⊂ Ω(Λ1)N∩[2,∞) denote the finite subset consisting of elements ϕ such that
f (ϕ)(q) is not a normalised cuspidal eigenform over Zp[ϕ] of weight wt(ϕ) and level N
with character χ of slope < s. By the proof of Lemma 3.49, there is a D ∈ Λ1\{0} such
that (
Qp[ϕ], idQp ⊗ ϕ
)
⊗Qp⊗ZpΛ1
(
Qp ⊗Zp H <sf
)
is naturally isomorphic to the Galois representation associated to f (ϕ)(q) overQp twisted
by ϕ ◦ χ for any ϕ ∈ Reg<s(Λ1) with ϕ(D) , 0. Let S 2 ⊂ Ω(Λ1)N∩[2,∞) denote the
support {ϕ ∈ Ω(Λ1)N∩[2,∞) | ϕ(D) = 0}. Since Λ1 is a Λ-adic domain, S 2 is a finite subset.
Put S 0 ≔ S 1 ∪ S 2 ∪ (Ω(Λ1)N∩[2,∞)\Reg<s(Λ1)). Let S ⊂ Ω(Λ1)N∩[2,∞) be a finite subset
containing S 0. Then for any ϕ ∈ Ω(Λ1)N∩[2,∞)\S , we have
Qp(ϕ) ⊗C(Ω(Λ1)N∩[2,∞)\S ,Qp) H
<s
f |Ω(Λ1)N∩[2,∞)\S

(
Qp(ϕ), idQp ⊗ ϕ
)
⊗Qp⊗ZpΛ1
(
Qp ⊗Zp Λ1
)
⊗Λ1 H <sf

(
Qp(ϕ), idQp ⊗ ϕ
)
⊗Qp⊗ZpΛ1
(
Qp ⊗Zp H <sf
)
,
and hence Qp(ϕ) ⊗C(Ω(Λ1)N∩[2,∞)\S ,Qp) H <sf |Ω(Λ1)N∩[2,∞)\S is naturally isomorphic to the Galois
representation associated to f (ϕ)(q) over Qp twisted by ϕ ◦ χ−1 because ϕ is contained in
Reg<s(Λ1) = Ω(Λ1)\S 1.
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We verify that H <sf |Ω(Λ1)N∩[2,∞)\S is a free C(Ω(Λ1)N∩[2,∞)\S ,Qp)-module of rank 2. By
the definition of S , the image of D in C(Ω(Λ1)N∩[2,∞)\S ,Qp) has no zero, and hence is
invertible. We note that C(Ω(Λ1)N∩[2,∞)\S ,Qp) is not the Qp-algebra of bounded con-
tinuous functions, and hence we need not to argue the lower bound of the absolute
values of the image of D. By the universality of a localisation, the evaluation map
Λ1 ֒→ C(Ω(Λ1)N∩[2,∞)\S ,Qp) factors through Λ1 ֒→ A ≔ (Qp ⊗Zp Λ1)[D−1]. By
the proof of Lemma 3.49, the A -module A ⊗Λ1 H <sf  A ⊗Qp⊗ZpΛ1 (Qp ⊗Zp H <sf )
is free of rank 2, and hence so is the C(Ω(Λ1)N∩[2,∞)\S ,Qp)-module H <sf |Ω(Λ1)N∩[2,∞)\S 
C(Ω(Λ1)N∩[2,∞)\S ,Qp) ⊗A A ⊗Λ1 H <sf . 
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